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Wkh qrq0qhjdwlylw| frqvwudlqw rq lqyhqwrulhv lpsrvhg rq wkh udwlrqdo h{shfwdwlrqv wkhru|
ri vshfxodwlyh vwrudjh lpsolhv wkdw wkh frqglwlrqdo phdq dqg yduldqfh ri frpprglw| sulfhv duh
qrqolqhdu lq odjjhg sulfhv dqg kdyh d nlqn dw d wkuhvkrog srlqw1 Lq wklv sdshu/ wkh vwuxfwxudo
sdudphwhuv ri wklv prgho duh hvwlpdwhg xvlqj wkuhh vlpxodwlrq edvhg hvwlpdwruv1 Lq d Prqwh0
Fduor h{shulphqw/ wkh qlwh vdpsoh surshuwlhv ri wkh Vlpxodwhg Phwkrgv ri Prphqwv hvwlpdwru
ri Gxh dqg Vlqjohwrq +4<<6,/ wkh Lqgluhfw Lqihuhqfh hvwlpdwru ri Jrxulhurx{/ Prqiruw dqg
Uhqdxow +4<<6,/ dqg wkh Hflhqw Phwkrg ri Prphqwv hvwlpdwru ri Jdoodqw dqg Wdxfkhq +4<<9,
duh dvvhvvhg1 H{sorlwlqj wkh lqyduldqw glvwulexwlrq lpsolhg e| wkh wkhru| doorzv xv wr hydoxdwh
wkh huuru lqgxfhg e| vlpxodwlrqv1 Rxu uhvxowv vkrz wkdw wkh hvwlpdwruv glhu lq wkhlu vhqvlwlylw|
wr wkh vdpsoh vl}h/ wkh qxpehu ri vlpxodwlrqv/ fkrlfh ri dx{loldu| prghov/ dqg frpsxwdwlrq
ghpdqgv1 Iru vrph hvwlpdwruv/ wkh whvw iru ryhulghqwli|lqj uhvwulfwlrqv h{klelw vljqlfdqw vl}h
glvwruwlrqv lq vpdoo vdpsohv1 Ryhudoo/ zkloh wkh vlpxodwlrq hvwlpdwruv kdyh vpdoo eldv/ wkh|
duh ohvv hflhqw wkdq svhxgr pd{lpxp olnholkrrg +SPOH,1 Khqfh iru wkh vpdoo vdpsoh vl}hv
frqvlghuhg/ wkh vlpxodwlrq hvwlpdwruv duh vwloo lqihulru wr wkh SPOH hvwlpdwhv lq d phdq0vtxduhg
vhqvh1
Nh|zrugv= vlpxodwlrq hvwlpdwruv/ lqgluhfw lqihuhqfh/ vlpxodwhg phwkrg ri prphqwv/ zklfk pr0
phqwv wr pdwfk/ frpprglw| sulfhv1
MHO Fodvvlfdwlrq= F48/ E7/ J4/ T41
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Lq uhfhqw |hduv/ wkhuh kdv ehhq d surolihudwlrq ri hfrqrplf prghov wkdw frpsxwh srolf| ixqfwlrqv
dv vroxwlrqv wr g|qdplf surjudpplqj sureohpv1 Lq sduwldo htxloleulxp prghov ri frqvxpswlrq/
iru lqvwdqfh/ uhvhdufkhuv kdyh ghulyhg srolf| ixqfwlrqv uhodwlqj frqvxpswlrq wr d vwdwh yduldeoh
ghqrwlqj oltxlg zhdowk1 Wkhvh srolf| ixqfwlrqv duh wkhq xvhg wr dqdo|}h frqvxpswlrq ehkdylru
xqghu oltxlglw| frqvwudlqwv dqg wkh uroh ri exhu vwrfn vdylqjv￿1 Rq wkh lqyhvwphqw vlgh/ d qxpehu
ri g|qdplf surjudpv kdyh ehhq xvhg wr dqdo|}h lqyhvwphqw ehkdylru xqghu xqfhuwdlqw|/ zkloh rwkhuv
kdyh h{dplqhg wkh lqyhvwphqw ehkdylru ri oltxlglw| frqvwudlqhg upv21 Lq jhqhudo htxloleulxp
prghov ri exvlqhvv f|fohv/ g|qdplf surjudpplqj kdv ehfrph wkh pdmru wrronlw iru dqdo|}lqj wkh
hyroxwlrq ri wkh hqgrjhqrxv yduldeohv1 Wkh frpsoh{lw| ri wkhvh prghov/ krzhyhu/ kdv ohg wr
rqo| d ihz dwwhpswv dw vwuxfwxudo sdudphwhu hvwlpdwlrq/ dqg zkhq vxfk hvwlpdwlrq lv dwwhpswhg/
olplwhg lqirupdwlrq whfkqltxhv vxfk dv Jhqhudol}hg Phwkrgv ri Prphqwv +JPP, duh dssolhg wr
Hxohu htxdwlrqv1￿ Uhfhqw ghyhorsphqwv ri frpsxwdwlrq lqwhqvlyh hvwlpdwruv kdyh rshqhg xs d qhz
krul}rq iru wkh hvwlpdwlrq ri qrq0olqhdu g|qdplf prghov zlwk udwlrqdo h{shfwdwlrqv1 Rkdqldq/
Ylrodqwh/ Nuxvhoo/ dqg U lrv0Uxoo +4<<:,/ iru h{dpsoh/ kdyh dssolhg vlpxodwlrq edvhg hvwlpdwruv wr
qrq0olqhdu surgxfwlrq ixqfwlrqv zlwk odwhqw idfwruv/ zkloh Jrxulqfkdv dqg Sdunhu +4<<9, hpsor|hg
wkh Vlpxodwhg Phwkrg ri Prphqwv +VPP, wr hvwlpdwh d olih f|foh prgho zlwk exhu vwrfn vdylqj1
Lq wkh lqgxvwuldo rujdql}dwlrq olwhudwxuh/ prghov xwlol}lqj g|qdplf surjudpplqj whfkqltxhv kdyh
ehhq hvwlpdwhg e| Sdnhv +4<<7, dqg Uxvw +4<<7,1 Lpsruwdqw frqwulexwlrqv kdyh dovr ehhq pdgh
e| Uxvw +4<;:, dqg Krw} dqg Ploohu +4<<6,/ dprqj pdq| rwkhuv1
Zkloh vlpxodwlrq edvhg hvwlpdwruv duh vrolgo| jurxqghg lq wkhru|/ olwwoh lv nqrzq derxw wkhlu
surshuwlhv lq sudfwlfh1 Wkh sxusrvh ri wklv sdshu lv wr lqyhvwljdwh wkh qlwh vdpsoh surshuwlhv ri
wkuhh vlpxodwlrq edvhg hvwlpdwruv lq wkh frqwh{w ri wkh vshfxodwlyh vwrudjh prgho xqghu udwlrqdo
h{shfwdwlrqv1 Wkh frpprglw| sulfh prgho surylghv dq lqwhuhvwlqj hfrqrplf hqylurqphqw iru wkh
h{huflvh iru irxu uhdvrqv1 Iluvw/ wkh prgho lpsolhv wkdw frpprglw| sulfhv kdyh wlph ydu|lqj frqgl0
wlrqdo phdq dqg yduldqfh/ dqg wkdw wkh sulfh ixqfwlrq lv nlqnhg dw d wkuhvkrog srlqw1 Wkhvh sulfh
g|qdplfv duh vxflhqwo| frpsoh{ wr sxw wkh wkuhh hvwlpdwruv wr d fkdoohqjh1 Vhfrqg/ vlqfh wkh
surshuwlhv ri wkh Svhxgr0Pd{lpxp Olnholkrrg +SPOH, hvwlpdwru iru hvwlpdwlqj wkh vshfxodwlyh
vwrudjh prgho kdyh ehhq dqdo|}hg lq Ghdwrq0Odurtxh +4<<9,/ wkh surshuwlhv ri wkh wkuhh hvwlpd0
wruv fdq eh frpsduhg xvlqj wkh SPOH/ d qrq0vlpxodwlrq hvwlpdwru/ dv wkh ehqfkpdun1 Wklug/
dv zloo ehfrph fohdu/ wkh remhfwlyh ixqfwlrq ri wzr ri wkh hvwlpdwruv lqyroyhv dssur{lpdwlqj dq
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4h{shfwdwlrqdo whup e| Prqwh Fduor lqwhjudwlrq1 Krzhyhu/ wkh frpprglw| sulfhv ghulyhg iurp wkh
vshfxodwlyh vwrudjh prgho iroorz d uhqhzdo surfhvv dqg kdyh dq lqyduldqw glvwulexwlrq1 Wkxv/ zh
fdq dovr hvwlpdwh wkh sdudphwhuv e| xvlqj wkh lqyduldqw glvwulexwlrq wr hydoxdwh wkh prphqwv ri
lqwhuhvw1 Wklv lv xvhixo ehfdxvh xvlqj wkh lqyduldqw glvwulexwlrq dprxqwv wr h{hfxwlqj dq lqqlwh
qxpehu ri vlpxodwlrqv wr dssur{lpdwh wkh h{shfwdwlrqv1 Frpsdulvrq ri wkh hvwlpdwhv edvhg rq
Prqwh Fduor lqwhjudwlrq zlwk wkrvh edvhg rq wkh lqyduldqw glvwulexwlrq doorzv xv wr lvrodwh wkh
huuru lqgxfhg e| Prqwh Fduor lqwhjudwlrq1 Wkh h{huflvh dovr vhuyhv dv d jxlgh wr wkh fkrlfh ri wkh
qxpehu ri vlpxodwhg gdwd srlqwv qhfhvvdu| zkhq wkh lqwhjudwlrq lv frpsxwhg e| vlpxodwlrq +zklfk
lv xvhg lq prvw sudfwlfdo dssolfdwlrqv,1 Irxuwk/ wkh prgho uhvhpeohv frqvxpswlrq dqg lqyhvwphqw
prghov lq zklfk djhqwv duh vxemhfw wr rffdvlrqdoo| elqglqj frqvwudlqwv1 Rxu uhvxowv wkhuhiruh vkhg
oljkw rq wkh xvhixoqhvv ri wkh hvwlpdwruv iru d eurdghu udqjh ri hfrqrplf sureohpv1
Wkh sdshu lv vwuxfwxuhg dv iroorzv1 Wkh hvwlpdwruv duh ghqhg lq Vhfwlrq 5/ dqg lq Vhfwlrq 6 zh
hvwlpdwh d vlpsoh PD+4, prgho wr jdlq vrph xqghuvwdqglqj ri srwhqwldo slwidoov ehiruh lpsohphqw0
lqj wkh pruh frpsolfdwhg qrq0olqhdu udwlrqdo h{shfwdwlrqv prgho1 Wkh frpprglw| sulfh prgho lv
ghvfulehg lq Vhfwlrq 71 Wkh vhwxs ri wkh Prqwh Fduor h{shulphqwv lv ghwdlohg lq Vhfwlrq 8/ dqg wkh
uhvxowv uhsruwhg lq Vhfwlrq 91 Lq vhfwlrq :/ wkh vlpxodwlrq eldv ri wkh hvwlpdwruv lv dvvhvvhg1 Vhfwlrq
; frqfoxghv1
5 Wkh Vlpxodwlrq Hvwlpdwruv
Frqvlghu wkh g|qdplf prgho jlyhq e|
|| @ i+>||3￿>{ |>x |,>w@4 >===>W +4,
x| @ x|3￿ . h|> +5,
zkhuh  lv d s glphqvlrqdo yhfwru ri vwuxfwxudo sdudphwhuv/ {| lv d yhfwru ri h{rjhqrxv yduldeohv/
|| lv wkh hqgrjhqrxv yduldeoh/ ih|j lv dq xqrevhuyhg zklwh qrlvh surfhvv zlwk glvwulexwlrq J zkrvh
sdudphwhuv duh xqnqrzq1 Wkh remhfwlyh lv wr hvwlpdwh  zkhq i+, grhv qrw kdyh d wudfwdeoh irup/
exw wkh gdwd iru || fdq eh vlpxodwhg iurp dq dvvxphg vwuxfwxudo prgho iru d jlyhq vhw ri vwuxfwxudo
sdudphwhuv/ 1
Zh frqvlghu l, wkh Lqgluhfw Lqihuhqfh Hvwlpdwru +LQG, ri Jrxulhurx{/ Prqiruw/ dqg Uhqdxow
+4<<6,/ ll, wkh Vlpxodwhg Phwkrg ri Prphqwv Hvwlpdwru +VPP, ri Gxh dqg Vlqjohwrq +4<<6,/
dqg lll, wkh Hflhqw Phwkrg ri Prphqwv Hvwlpdwru +HPP, ghyhorshg lq Jdoodqw dqg Wdxfkhq
+4<<9,1 Wkh hvwlpdwruv uhtxluh vlpxodwlqj gdwd iurp dq dvvxphg vwuxfwxudo prgho zlwk huuruv
wkdw kdyh wkh vdph glvwulexwlrq dv/ exw duh lqghshqghqw ri/ wkh huuruv h|1 Lq doo wkuhh fdvhv/ a  lv
5ghwhuplqhg +hpslulfdoo|, dv=
a  @ DujplqwG￿
G= +6,
Wkh wkuhh hvwlpdwruv glhu lq wkh fkrlfh ri G dqg wkh zhljkwlqj pdwul{ 
1 Xqghu uhjxodulw|
frqglwlrqv jlyhq lq wkh uhvshfwlyh sdshuv/
s
W+a  , $ Q+3>Z,1 Rxu lqwhuhvw lv lq hydoxdwlqj wkh
qlwh vdpsoh surshuwlhv ri wkhvh hvwlpdwruv edvhg xsrq wkh rswlpdo zhljkwlqj pdwul{/ ghqrwhg 
W1
Zh frqfhqwudwh rq wkh fdvh zkhuh wkhuh duh qr h{rjhqrxv yduldeohv dqg  @ 31 Ohw \| dqg h \|
ghqrwh wkh revhuydwlrqv dw wlph w ri wkh dfwxdo dqg vlpxodwhg hqgrjhqrxv yduldeohv/ uhvshfwlyho|1
Ohw W eh wkh vdpsoh vl}h ri wkh revhuyhg vhulhv1 Lq wkh fdvh ri HPP dqg LQG/ zh vlpxodwh K
sdwkv/ hdfk ri ohqjwk W1 Lq wkh fdvh ri VPP/ lw lv pruh frqyhqlhqw wr vlpxodwh d wrwdo ri W K gdwd
srlqwv1 Iru wkh odwwhu/ ohw \dAo dqg h \dAMo ghqrwh wkh yhfwruv ri dfwxdo dqg vlpxodwhg hqgrjhqrxv











































Lq wkh deryh/ ￿
A
SA
|’￿ p+\|, lv wkh yhfwru ri hpslulfdo prphqwv edvhg xsrq gdwd \| ri ohqjwk W1
Zkhq p+\|,@\|/ iru lqvwdqfh/ zh vlpso| pdwfk wkh uvw prphqw ri dfwxdo sulfhv wr wkh uvw
prphqw ri wkh vlpxodwhg gdwd1 Lq jhqhudo/ wkh VPP pdwfkhv vhyhudo hpslulfdo prphqwv edvhg
rq wkh revhuyhg gdwd zlwk wkrvh vlpxodwhg iurp wkh vwuxfwxudo prgho xqghu lqyhvwljdwlrq1 Wkh
vlpxodwlrqv fdq eh vhhq dv dssur{lpdwlqj wkh srsxodwlrq prphqwv ri wkh vwuxfwxudo prgho e|
shuiruplqj Prqwh Fduor lqwhjudwlrq/ dv ghwhuplqhg e| ￿
AM
SAM
|’￿ p+h \|,1 Lw lv lq wklv vhqvh wkdw wkh
VPP lv d vlpxodwlrq hvwlpdwru1 Lq d vxevhtxhqw vhfwlrq/ zh zloo frqvlghu d vshfldo lpsohphqwdwlrq
ri wkh hvwlpdwru zklfk e|sdvvhv wkh vlpxodwlrq vwhs/ dqg khqfh vwrsv ehlqj cvlpxodwlrq edvhg*1
Qhyhuwkhohvv/ ehfdxvh prvw hpslulfdo dssolfdwlrqv ri VPP xvh vlpxodwlrqv/ zh zloo frqwlqxh wr
uhihu wr wkh VPP dv d cvlpxodwlrq hvwlpdwru*1
Lq lpsohphqwdwlrq/ +Cp@C, lv rewdlqhg qxphulfdoo| e| dyhudjlqj ryhu WK srlqwv ri vlpxodwhg
gdwd/ dqg 
W lv hvwlpdwhg dv wkh orqj0uxq fryduldqfh pdwul{ ri p+\|, xvlqj wkh Sdu}hq zlqgrz
zlwk irxu odjv1 Wkh zhljkwv ri wkh Sdu}hq zlqgrz duh ghqhg e|=
z+{,@i4  9{2 .9 m{m￿ li 3 m {m4@5
@ i5+4 m {m,￿ li 4@5 m {m4= +7,
6Qrwh wkdw 
W lv hvwlpdwhg gluhfwo| iurp wkh W vdpsoh srlqwv zlwkrxw dq| vlpxodwlrq1
Iru LQG dqg HPP/ zh uhtxluh dq dx{loldu| prgho zlwk sdudphwhuv  ri glphqvlrq t/ zkhuh t
pxvw eh juhdwhu ru htxdo wr wkh qxpehu ri vwuxfwxudo sdudphwhuv +dq lghqwlfdwlrq frqglwlrq,1 Wkh
dx{loldu| prgho lv vxssrvhg wr cdghtxdwho|* fdswxuh wkh surshuwlhv ri wkh revhuyhg gdwd/ wkrxjk
wkh prgho qhhg qrw eh fruuhfwo| vshflhg1 Wkhuh lv qr vhw uxoh lq vhohfwlqj dq dx{loldu| prgho/ dqg
sduw ri rxu dqdo|vlv odwhu lq wkh sdshu lv wr surylgh d jxlgh wr qglqj wkh dx{loldu| prgho wkdw vxlwv
wkh dssolfdwlrq lq txhvwlrq1 Ohw T+\dAo>, eh wkh remhfwlyh ixqfwlrq dvvrfldwhg zlwk wkh dx{loldu|
prgho xvlqj dfwxdo gdwd ri ohqjwk W/ dqg ohw T+h \dAMo>, eh wkh remhfwlyh ixqfwlrq iru wkh vdph
dx{loldu| prgho/ exw hydoxdwhg zlwk wkh vlpxodwhg gdwd1 Wkhq a  lv hvwlpdwhg e| pd{lpl}lqj wkh
remhfwlyh ixqfwlrq T+\dAo>,d q gh  lv wkh pd{lpdqg ri wkh remhfwlyh ixqfwlrq T+h \dAMo>,1
Wkh LQG ehjlqv zlwk wkh suhplvh wkdw wkh dx{loldu| prgho lv plvvshflhg/ dqg wkh vlpxodwlrqv
duh phdqw wr fruuhfw iru wkh eldv lq wkh dx{loldu| prgho hvwlpdwhv lqgxfhg e| prgho plvvshflfdwlrq1
Wklv lv dfklhyhg e| dgmxvwlqj  +wkh sdudphwhuv ri wkh vwuxfwxudo prgho, vxfk wkdw a  hvwlpdwhg zlwk
wkh revhuyhg gdwd pdwfkhv wkh h  hvwlpdwhg xvlqj wkh vlpxodwhg gdwd1 Wkh vshflfv duh dv iroorzv=
LQG







































zkhuh a  @ dujpd{q T+\dAo>,
dqg h  @ dujpd{q T+h \dAMo>,=
Wkh vdpsoh dqdorjv ri 
W dqg ZW
M duh edvhg rq Dsshqgl{ 5 ri Jrxulhurx{/ Prqiruw dqg Uhqdxow
+4<<6,1 Lq sduwlfxodu/ C2T@CC lv rewdlqhg e| wdnlqj wkh dyhudjh +ryhu wkh vlpxodwhg sdwkv, ri wkh
qxphulfdo ghulydwlyhv ri CT@C￿ zlwk uhvshfw wr  hydoxdwhg dw a 1 Wkh txdqwlw| Lf lv dssur{lpdwhg
dv wkh orqj0uxq yduldqfh ri CT@C lq wkh revhuyhg gdwd/ rqfh djdlq xvlqj wkh Sdu}hq zlqgrz dv
wkh zhljkwlqj ixqfwlrq1 Lw lv lqwhuhvwlqj wr qrwh wkdw Jrxulhurx{/ Prqiruw dqg Uhqdxow +4<<6, xvhg
rqo| dq lghqwlw| pdwul{ dv wkh zhljkwlqj pdwul{ lq wkhlu hpslulfdo h{dpsohv/ rq wkh jurxqg wkdw wkh
hflhqf| jdlqv iurp xvlqj wkh rswlpdo zhljkwlqj pdwul{ duh vpdoo1 Krzhyhu/ zh ihho lw lv ghvludeoh
wr sxw doo wkuhh hvwlpdwruv rq htxdo irrwlqj/ dqg khqfh duh surpswhg wr xvh wkh rswlpdo zhljkwlqj
7pdwul{ wr hydoxdwh wkh LQG1
Wkh HPP hvwlpdwru fkrrvhv  vxfk wkdw wkh h{shfwdwlrq ri wkh judglhqw ri wkh orj ghqvlw| +wkh
vfruhv, iru wkh dx{loldu| prgho hydoxdwhg zlwk wkh ghqvlw| ri wkh vwuxfwxudo prgho/ lv forvh wr }hur1






































zkhuh CG@C lv rewdlqhg e| wdnlqj qxphulfdo ghulydwlyhv/ dqg Lf lv wkh orqj uxq yduldqfh ri wkh
vfruhv xvlqj d irxu0odj Sdu}hq zlqgrz dv zhljkwv1 Dv lq wkh rwkhu hvwlpdwruv/ wkh rswlpdo zhljkwlqj
pdwul{ lv gluhfwo| frpsxwhg iurp wkh vdpsoh gdwd1 Krzhyhu/ wkh h{shfwdwlrq ri wkh vfruhv fdq eh
fdofxodwhg xvlqj rwkhu phwkrgv +vxfk dv txdgudwxuh ru h{sorlwlqj wkh suredelolw| glvwulexwlrq lp0
solhg e| wkh wkhru|/ iru h{dpsoh,1 Wkhuhiruh/ wkh HPP phwkrg lv qrw/ vwulfwo| vshdnlqj/ vlpxodwlrq
edvhg1 Lw rqo| ehfrphv d vlpxodwlrq hvwlpdwru zkhq wkh h{shfwdwlrq ri wkh vfruhv lv dssur{lpdwhg
dv wkh dyhudjh ryhu vlpxodwhg gdwd1 Wklv lv wkh dssurdfk dgrswhg lq prvw hpslulfdo dssolfdwlrqv/
dqg khqfh iru d voljkw dexvh ri odqjxdjh/ zh dovr uhihu wr HPP dv d vlpxodwlrq edvhg hvwlpdwru1
Wkh HPP hvwlpdwru lv dv|pswrwlfdoo| dv hflhqw dv wkh POH li wkh dx{loldu| prgho vsdqv/ ru
cvprrwko| hpehgv* lq wkh whuplqrorj| ri Jdoodqw dqg Wdxfkhq/ wkh vwuxfwxudo prgho1
D joredo vshflfdwlrq whvw iru wkh vwuxfwxudo prgho fdq eh rewdlqhg dv
WKW G￿
G $ "2 +8,
zlwk t  s ghjuhhv ri iuhhgrp1 Iru LQG dqg VPP/ KW @ K@+4 . K,1 Dv fdq eh vhhq iurp wkh
ghqlwlrqv ri ZW/ lqfuhdvlqj wkh qxpehu ri vlpxodwlrqv lpsuryhv wkh hflhqf| ri wkh VPP dqg LQG
hvwlpdwhv1 Iru HPP/ wkh ohqjwk ri wkh vlpxodwhg vhulhv/ Q/ lv dvvxphg wr eh 41 Vlqfh W  K @ Q
e| ghqlwlrq/ Q $4zkhq K $4 1 Khqfh KW @ K@+4 . K, $ 4 xqghu HPP1
Iru lghqwlfdwlrq sxusrvhv/ LQG dqg HPP uhtxluh wkdw wkh qxpehu ri sdudphwhuv lq wkh dx{0
loldu| prgho eh dw ohdvw dv odujh dv wkh qxpehu ri sdudphwhuv lq wkh vwuxfwxudo prgho1 Iru wkh
VPP/ zh uhtxluh wkdw wkh qxpehu ri prphqw frqglwlrqv h{fhhgv wkh qxpehu ri sdudphwhuv wr eh
hvwlpdwhg/ zklfk lv dq rughu frqglwlrq iru lghqwlfdwlrq1 Krzhyhu/ Gxh dqg Vlqjohwrq +4<<6, qrwh
wkdw wkh vhohfwhg prphqw frqglwlrqv vkrxog fdswxuh glhulqj dvshfwv ri wkh gdwd iru lghqwlfdwlrq
ri wkh vwuxfwxudo sdudphwhuv/ wkrxjk wkhuh lv qr irupdo zd| wr fkhfn iru wklv sulru wr hvwlpdwlrq1
8Iurp d frpsxwdwlrqdo srlqw ri ylhz/ wkhuh duh vrph ixqgdphqwdo glhuhqfhv ehwzhhq wkh wkuhh
hvwlpdwruv1 Zlwk wkh VPP/ wkh sudfwlwlrqhu rqo| qhhgv wr vshfli| wkh hpslulfdo prphqwv dqg lv
wkh hdvlhvw wr lpsohphqw1 Wkh prphqwv wr eh pdwfkhg lq wkh HPP duh wkh vfruhv/ dqg khqfh wkh
remhfwlyh ixqfwlrq T lv wkh orj olnholkrrg1 Lpsohphqwdwlrq ri wkh HPP hvwlpdwru lv uhdvrqdeo|
vwudljkwiruzdug zkhq wkh vfruhv kdyh vlpsoh irupv1 Vlqfh dq lqqlwh qxpehu ri srlqwv kdv wr eh
vlpxodwhg iurp wkh vwuxfwxudo prgho/ dw ohdvw lq wkhru|/ wkh h{hfxwlrq wlph ri wkh HPP lv odujho|
ghwhuplqhg e| krz glfxow lw lv wr vlpxodwh gdwd iurp wkh vwuxfwxudo prgho1 Lq frqwudvw/ wkh
qxpehu ri uhsolfdwlrqv lq LQG dqg VPP fdq eh d pxfk vpdoohu qxpehu ehfdxvh wkh dv|pswrwlf
yduldqfh0fryduldqfh pdwul{ h{solflwo| fruuhfwv iru wkh vlpxodwlrq huuru e| wdnlqj lqwr dffrxqw wkh
qlwhqhvv ri K1 Rq wkh rwkhu kdqg/ zkloh wkh HPP phwkrg hvwlpdwhv wkh dx{loldu| prgho rqfh/
LQG kdv wr uh0hvwlpdwh lw xqwlo frqyhujhqfh lv dfklhyhg1 Wklv fdq eh frpsxwdwlrqdoo| exughqvrph
zkhq wkh dx{loldu| prgho lv glfxow wr hvwlpdwh1
H{lvwlqj dssolfdwlrqv ri wkh HPP hvwlpdwru kdyh sulpdulo| iroorzhg Jdoodqw dqg Wdxfkhq*v
vxjjhvwlrq ri xvlqj wkh vfruhv dvvrfldwhg zlwk wkh Vhpl0QrqSdudphwulf ghqvlw| +VQS,1e Zh kdyh
qrw wdnhq wklv urxwh iru wkuhh uhdvrqv1 Iluvw/ dv zh zloo vhh/ wkh qrq0olqhdulw| lq wkh frqglwlrqdo
phdq dqg yduldqfh ri frpprglw| sulfhv lv qrw ri wkh w|sh wkdw fdq eh fdswxuhg e| wkh VQS ghqvlw|1
Vhfrqg/ h{dplqlqj wkh surshuwlhv ri wkh HPP hvwlpdwru rxwvlgh ri wkh VQS hqylurqphqw lv dq
lqwhuhvwlqj h{huflvh lq lwv rzq uljkw1 Wklug/ zh zrxog olnh wr frpsduh wkh surshuwlhv ri HPP dqg
LQG xvlqj wkh vdph dx{loldu| prgho1 Exw ehfdxvh zh duh uxqqlqj d prqwh0fduor/ zh qhhg wr wdnh
lqwr dffrxqw wkdw xvh ri frpsoh{ dx{loldu| prghov iru wkh LQG fdq eh wlph frqvxplqj1 Wkxv/ wkh
vhohfwhg dx{loldu| prghov doo kdyh d uhdvrqdeo| vlpsoh vwuxfwxuh1
6 D Vlpsoh H{dpsoh
Zh ehjlq zlwk dq looxvwudwlrq ri krz wkh wkuhh hvwlpdwruv zrun lq d yhu| vlpsoh h{dpsoh1 Vxssrvh
wkh wuxh gdwd jhqhudwlqj surfhvv iru d vhulhv i||jA
|’￿ lv jlyhq e| wkh iroorzlqj PD+4, prgho=
|| @ h|  h|3￿= +9,
Wkh hfrqrphwulfldq nqrzv wkdw wkh vwuxfwxudo prgho lv dq PD+4, dqg lv lqwhuhvwhg lq hvwlpdwlqj
wkh sdudphwhu  xvlqj wkh vlpxodwlrq hvwlpdwruv1 Rxu Prqwh Fduor lv vhw xs wr dvvhvv wkh qlwh
vdpsoh surshuwlhv ri a 1 Iru hdfk uhsolfdwlrq ri wkh Prqwh Fduor h{shulphqw/ d vhulhv i||jA
|’￿ lv uvw
rewdlqhg e| hydoxdwlqj +9, dw wkh wuxh ydoxh ri  dqg xqghu wkh dvvxpswlrq wkdw h|  Q+3>4, xvlqj
d vhhg/ vd| vhhg￿1 Wkh wkuhh vlpxodwlrq hvwlpdwruv wkhq xvh +9, wr vlpxodwh sdwkv ri ih ||jAM
|’￿ iru
vrph lqlwldo jxhvv ri / dovr dvvxplqj h|  Q+3>4, exw xvlqj d vhhg/ vhhg2/ zklfk glhuv iurp vhhg￿1
e5ii B@**@?|c Oti @?_ A@Ui? Ebbe uLh @ ?@?Ui @TT*U@|L? t?} |i 5 @ *@h) 4L_i*
9Vhulhv ri ih ||jAM
|’￿ duh uh0vlpxodwhg zlwk xsgdwhg ydoxhv ri  +exw wkh vdph vhhg2, xqwlo d frqyhujhqfh
fulwhulrq lv vdwlvhg1
Iru VPP/ zh frqvlghu wkh uvw wzr fhqwudo prphqwv/ soxv wkh uvw wr wklug rughu dxwrfryduldqfhv
iru d wrwdo ri yh hpslulfdo prphqwv wr eh pdwfkhg1 Wkdw lv/
p+||,@
k
||>+||   |,2>+||   |,+||3￿   |,
l￿
>m @4 >5>6= +:,
zkuh  | lv wkh vdpsoh phdq1
Iru LQG dqg HPP/ zh frqvlghu dv dx{loldu| prgho dq DU+6, wr eh pd{lpl}hg e| pd{lpxp
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Zh uvw frqgxfw d Prqwh Fduor h{shulphqw zlwk  @3 =8d q gW@4331 Iru VPP dqg LQG/
zh vhw K @431 Iru HPP/ Q @ 4333/ vr wkdw doo wkuhh prghov vlpxodwh wkh vdph qxpehu ri gdwd
srlqwv1 Lq wkh vlpxodwlrqv/ wkh uqgq+, ixqfwlrq lq Jdxvv lv xvhg wr gudz udqgrp qxpehuv zlwk
vhhg￿ dqg vhhg2 vhw dw 588 dqg 5888 uhvshfwlyho|/ zkloh wkh vwduwlqj ydoxh ri  lv vhw htxdo wr 3=6=
Dv wkh uhvxowv lq Wdeoh 4 lqglfdwh/ wkh hvwlpdwruv whqg wr xqghu0hvwlpdwh  zkhq W @ 4331 Wkh
LQG lv wkh prvw dffxudwh erwk lq whupv ri phdq dqg phgldq eldvhv/ zlwk HPP frplqj lq vhfrqg/
dqg VPP wklug1 Lq whupv ri hflhqf|/ VPP kdv wkh odujhvw dv|pswrwlf vwdqgdug huuruv/ dqg LQG
wkh vpdoohvw1 Wkh vwdqgdug ghyldwlrq ri wkh hvwlpdwhv lq wkh vlpxodwlrqv lv uhdvrqdeo| forvh wr wkh
dv|pswrwlf vwdqgdug huuruv1 Dv idu dv wkh "2 vwdwlvwlf lv frqfhuqhg/ wkh VPP kdv d vl}h ri ;1;(
dqg lv forvhvw wr wkh qrplqdo vl}h ri 8(1 Krzhyhu/ wkh vwdwlvwlfv dvvrfldwhg zlwk LQG dqg HPP
duh erwk ryhuvl}hg +4319( iru LQG/ dqg 491;( iru HPP,1
Lqfuhdvlqj wkh vdpsoh vl}h wr 533 +vhh Wdeoh 4, lpsuryhv wkh hflhqf| ri doo wkuhh hvwlpdwruv/
dqg uhgxfhv wkh phdq dqg phgldq eldvhv lq HPP dqg VPP1 Lqwhuhvwlqjo|/ wkh eldv lq LQG lv odujhu
wkdq zkhq W @4331 Vl}h glvwruwlrqv lq wkh whvw iru ryhulghqwlfdwlrq duh dovr uhgxfhg zkhq W @5 3 3 1
Wkh h{dfw vl}h ri wkh whvw lpsolhg e| VPP/ LQG dqg HPP lv 819(/ :( dqg 441;( uhvshfwlyho|1
Ehfdxvh wkh vl}h glvwruwlrq dvvrfldwhg zlwk HPP lv vwloo qrq0qhjoljleoh/ zh lqfuhdvh wkh vdpsoh vl}h
dqg wkh qxpehu ri vlpxodwlrqv ixuwkhu wr ghwhuplqh dw zkdw W dqg Q wkh dv|pswrwlf dssur{lpdwlrq
ehfrphv dghtxdwh iru wkh qlwh vdpsoh glvwulexwlrq ri wkh whvw1 Nhhslqj W@433 dqg udlvlqj Q wr
8333 jlyhv d phdq hvwlpdwh ri 17<5 zlwk dq dv|pswrwlf vwdqgdug huuru ri 1435 dqg d vl}h ri 4819(1
Iru Q@43333/ wkh phdq lv 17<4/ wkh vwdqgdug huuru lv 1435/ dqg wkh vl}h lv 4:15(1 Wkxv/ udlvlqj
Q uhgxfhv wkh eldv xqwlo Q@8333/ exw grhv qrw khos uhgxfh wkh vl}h glvwruwlrqv lq wkh RLG whvw1
Rq wkh rwkhu kdqg/ li zh nhhs Q@43333 exw lqfuhdvh wkh vdpsoh vl}h iurp W@433 wr W@833/ wkh
phdq hvwlpdwh htxdov 17<; zlwk d vwdqgdug huuru ri 137< dqg d vl}h htxdo wr ;19(1 Zkhq wkh vdpsoh
:vl}h lv lqfuhdvhg ixuwkhu wr W@4333/ wkh phdq hvwlpdwh lv 17<< zlwk dq dv|pswrwlf vwdqgdug huuru
ri 1368/ dqg wkh "2 whvw kdv d vl}h ri 9(1 Wklv vxjjhvwv wkdw wkh fuxfldo lpsuryhphqw frphv iurp
lqfuhdvlqj W udwkhu wkdq Q dqg wkdw d vdpsoh ri 433 zloo qrw surgxfh d yhu| dffxudwh whvw ri
ryhu0lghqwlfdwlrq uhvwulfwlrqv zkhq xvlqj wkh HPP1
D jhqhudo ryhuylhz ri wkh surshuwlhv ri wkh hvwlpdwruv lv jlyhq e| wkh ghqvlw| sorwv ri wkh
hvwlpdwhv1 Wkh ghqvlwlhv/ dorqj zlwk d yhuwlfdo olqh ghqrwlqj wkh wuxh ydoxh ri / duh jlyhq lq Iljxuh
4 iru W @ 433 dqg Iljxuh 5 iru W @ 5331 Iljxuh 4 vkrzv wkdw wkh prgh ri wkh VPP hvwlpdwhv lv
voljkwo| glvsodfhg iurp wkh wuxh ydoxh ri 318 dqg dffrxqwv iru wkh odujhu phdq dqg phgldq eldvhv
uhsruwhg lq Wdeoh 41 Iljxuh 5 vkrzv wkdw zkhq W lv lqfuhdvhg wr 533/ doo wkuhh hvwlpdwruv duh
fhqwhuhg durxqg wkh wuxh ydoxh/ exw wkh glvshuvlrq lq wkh hvwlpdwhv lv odujhu zlwk VPP wkdq zlwk
HPP dqg LQG/ khqfh dffrxqwlqj iru wkh odujhu vwdqgdug huuruv uhsruwhg iru VPP1
Lw lv qrwhzruwk| wr srlqw rxw wkdw wkh prphqwv lq wklv h{dpsoh duh fkrvhq wr vxlw wkh vwuxfwxudo
prgho vlqfh zh nqrz wkdw wkh PD+4, fdq eh zhoo dssur{lpdwhg e| d qlwh rughu DU prgho1 Dq
DU+6, dx{loldu| prgho zdv xvhg iru HPP dqg LQG/ iru lqvwdqfh/ zkloh wkuhh ri wkh prphqwv xvhg
lq VPP duh phdqw wr fdswxuh wkh dxwruhjuhvvlyh qdwxuh ri wkh gdwd jhqhudwlqj surfhvv1 Lq d pruh
qdlyh vhw ri h{shulphqwv/ zh sxusrvho| fkrvh wr pdwfk wkh uvw irxu fhqwudo prphqwv iru VPP/ dqg
xvhg d wklug rughu sro|qrpldo lq ||3￿ dv wkh dx{loldu| prgho iru HPP dqg LQG1 Wkhvh prphqwv
zrxog kdyh ehhq xvhixo li wkh gdwd kdg h{klelwhg qrq0olqhdulw|/ exw wklv lv qrw d ihdwxuh ri wkh
PD+4, surfhvv1 Wkh hvwlpdwhv edvhg rq wkhvh prphqwv zhuh ohvv hflhqw dqg h{klelwhg kljkhu
phdq dqg phgldq eldvhv1 Wkh fkrlfh ri prphqwv2dx{loldu| prghov/ wkhuhiruh pdwwhuv/ dqg wkh
vdph txdolwdwlyh uhvxowv zloo ehdu rxw lq wkh frqfuhwh hfrqrplf h{dpsoh wr iroorz1
7 Wkh Vshfxodwlyh Vwrudjh Prgho
Wkh hfrqrplf hqylurqphqw zlwk zklfk wkh vlpxodwlrq hvwlpdwruv duh wr eh whvwhg lv wkh vshfxodwlyh
vwrudjh prgho xqghu udwlrqdo h{shfwdwlrqv zlwk d qrq0qhjdwlylw| frqvwudlqw rq lqyhqwrulhv1 Wkh
prgho zdv uvw glvfxvvhg lq Zlooldpv +4<6:, dqg Vdpxhovrq +4<8:,/ dqg irupdol}hg lq Jxvwdivrq
+4<8;,1 Lvvxhv shuwdlqlqj wr hvwlpdwlqj dqg whvwlqj ri wkh prgho duh glvfxvvhg lq Ghdwrq dqg
Odurtxh +4<<5/ 4<<8/ 4<<9,1 Khuh zh rqo| surylgh d eulhi ghvfulswlrq ri wkh prgho1
Vxssrvh wkh ghpdqg iru frpprglwlhv lv jlyhq e| wkh olqhdu ghpdqg ixqfwlrq=
s| @ S+}|,@d . e}| +<,
zkhuh dA3d q ge?3 duh {hg sdudphwhuv/ S+, lv wkh lqyhuvh ghpdqg ixqfwlrq/ dqg } lv dq
h{rjhqrxv vwrfkdvwlf kduyhvw surfhvv wkdw lv l=l=g= e| dvvxpswlrq1 Jlyhq wklv vshflfdwlrq derxw
olqhdu ghpdqg/ pdunhw fohdulqj lpsolhv wkdw wkh htxloleulxp sulfh zloo iroorz wkh vdph surfhvv dv wkh
;kduyhvw/ vlqfh lw lv wkh vroh vrxufh ri vxsso|1 Wkh sureohp ehfrphv pruh lqwhuhvwlqj/ |hw frpsoh{/
rqfh vshfxodwruv duh lqwurgxfhg lq wkh prgho1 Lqyhqwru| kroghuv +vshfxodwruv, duh dvvxphg wr
nqrz wkh fxuuhqw kduyhvw dqg ghpdqg wkh frpprglw| lq rughu wr wudqvihu lw lqwr wkh qh{w shulrg1
Wkh| zloo gr vr zkhqhyhu wkh| h{shfw wr pdnh d surw ryhu vwrudjh dqg lqwhuhvw frvwv1 Vwrulqj L
xqlwv ri wkh frpprglw| ohdyhv vshfxodwruv zlwk +4  ,L dw wkh ehjlqqlqj ri qh{w shulrg ehfdxvh
ri sursruwlrqdo ghwhulrudwlrq1 Ohw wkh glvfrxqw udwh eh wkh frqvwdqw/ h{rjhqrxv/ uhdo lqwhuhvw u1
Duelwudjh lpsolhv wkdw
L| A 3l i + 4  ,@+4 . u,H|s|n￿ @ s|>
L| @ 3 rwkhuzlvh= +43,
Wkh frqglwlrq L|  3> ;w lv wkh fuxfldo vrxufh ri qrq0olqhdulw| lq wkh prgho1 Lw iruelgv wkh pdunhw
iurp eruurzlqj frpprglwlhv wkdw kdyh qrw |hw ehhq jurzq1 Ghqh {|> wkh cdprxqw rq kdqg*/ dv
wkh vxp ri wkh kduyhvw dqg lqkhulwhg lqyhqwrulhv/ vr wkdw
{| @+ 4 ,L|3￿ . }|= +44,









Wkh uvw whup zrxog krog li wkh vshfxodwruv eholhyhg w zdv wkh ehvw wlph wr vhoo dqg glg qrw zdqw
wr fduu| ryhu lqyhqwrulhv lqwr wkh qh{w shulrg1 Wkh vhfrqg whup lq wkh eudfnhwv lv dq lqwhuwhpsrudo
Hxohu htxdwlrq wkdw zrxog krog surylghg L| A 3/ zklfk lq wxuq kdsshqv li wkh vshfxodwruv h{shfw
wr fryhu wkhlu glvfrxqwhg +diwhu ghsuhfldwlrq, frvwv iurp ex|lqj wkh frpprglw| dw wlph w=D
Wkh dxwruhjuhvvlrq ixqfwlrq ri sulfhv lv jlyhq e|
H+s|n￿ms|,@plq+s|>s W,+4 . u,@+4  ,= +46,
Dq lpsolfdwlrq ri +46, lv wkdw wkh ryhudoo sulfh surfhvv lv d qrq0olqhdu uvw0rughu Pdunry surfhvv
zlwk d nlqn dw sW @+ 4 ,@+4 . u,H|s|n￿1 Xqghu wkh dvvxpswlrq wkdw vkrfnv wr kduyhvwv duh
l=l=g=/ sW lv d frqvwdqw1 Lw fdq dovr eh vkrzq wkdw CY+s|n￿ms|,@Cs|  31S Lqwxlwlyho|/ dq lqfuhdvh
lq wkh fxuuhqw sulfh uhgxfhv wkh lqfhqwlyh wr krog lqyhqwrulhv dqg wkhuhiruh lqfuhdvhv wkh fkdqfh ri
d vwrfnrxw/ zklfk lq wxuq lqfuhdvhv wkh yrodwlolw| ri sulfhv qh{w shulrg1 Wkh frqglwlrqdo yduldqfh
lqfuhdvhv lq s| xqwlo s| @ sW dqg lv frqvwdqw iru s| As W1 Erwk wkh frqglwlrqdo phdq dqg frqglwlrqdo
yduldqfh/ wkhuhiruh/ kdyh nlqnv dw sW1
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<Surylghg fhuwdlq uhjxodulw| frqglwlrqv duh phw/ lq sduwlfxodu/ u . A3d q g} kdv d frpsdfw
vxssruw/ wkhuh h{lvwv d vroxwlrq wr +45, zklfk ghqhv wkh sulfh ixqfwlrq=
s| @ i+{,= +47,
H{lvwhqfh ri d udwlrqdo h{shfwdwlrqv htxloleulxp zdv suryhg lq Ghdwrq dqg Odurtxh +4<<5, xqghu
wkh dvvxpswlrq wkdw wkh kduyhvw lv l1l1g11 Wkh dxwkruv dovr vkrzhg wkdw s| lv hujrglf dqg khqfh kdv
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zkhuh  lv wkh glvwulexwlrq ri wkh vwrfkdvwlf kduyhvw surfhvv1
Ydulrxv qxphulfdo whfkqltxhv fdq eh xvhg wr vroyh iru i+{,1 Lq wklv sdshu/ zh iroorz wkh vroxwlrq
phwkrg glvfxvvhg lq Ghdwrq dqg Odurtxh +4<<5/4<<8/4<<9,1 Lq eulhi/ wklv uhtxluhv glvfuhwl}lqj } dqg
dssur{lpdwlqj  e| d P @ 43 srlqw Jdxvvldq glvwulexwlrq1 Wkh glvfuhwl}dwlrq surfhgxuh doorzv xv















Wr fdofxodwh wkhvh sulfh ixqfwlrqv/ zh glvfuhwl}h wkh frqwlqxrxv vwdwh yduldeoh { lq dq htxdoo| vsdfhg
julg ri jj srlqwv1 Ohw [ ghqrwh wkh glvfuhwl}hg vxssruw ri wkh frqwlqxrxv vwdwh yduldeoh {1 Lq wklv
qrwdwlrq/ [ @ [￿>===>[}}1 D kljkhu jj uhgxfhv dssur{lpdwlrq huuru exw lqfuhdvhv frpsxwdwlrqdo
wlph1 Zh xvhg jj @ 83 lq wklv sdshu/ dqg irxqg qr vljqlfdqw fkdqjhv lq wkh uhvxowlqj sulfh ixqfwlrq
ru hvwlpdwlrq uhvxowv zkhq jj lv lqfuhdvhg ixuwkhu1 Zh xvh fxelf vsolqhv wr lqwhusrodwh ehwzhhq julg
srlqwv iru ydoxhv ri { qrw rq wkh julg1 Vlqfh } lv l1l1g1/ zh kdyh qdwxudo olplwv rq wkh udqjh zklfk
{ fdq wdnh1 Li wkh kduyhvw lv iruhyhu dw lwv pd{lpxp ohyho/ dqg qrwklqj lv frqvxphg rxw ri lw/ wkhq
{ dv|pswrwhv wr ]6@%@= Dw wkh rwkhu h{wuhph/ vlqfh lqyhqwrulhv fdqqrw eh qhjdwlyh/ wkh vpdoohvw
ydoxh ri { lv wkh plqlpxp kduyhvw ]6￿?1
Wkh edvlf surfhgxuh iru vroylqj +49, lv dv iroorzv1 Vwduwlqj zlwk if+{,@p d { + S+{,>3,/ zh















xqwlo i?n￿ @ i?1R q f h i+{, lv irxqg/ dqg xvlqj wkh idfw wkdw i+{, lv prqrwrqh ghfuhdvlqj/ zh
rewdlq {| @ i3￿+s,1 Vlqfh
{|n￿ @+ 4 ,^{|  S3￿+i+{,,` . }|n￿> +4;,
43zh kdyh dq htxdwlrq iru wkh hyroxwlrq ri sulfhv=
s|n￿ @ i++4  ,^i3￿+s|,  S3￿+s|,` . }|n￿,= +4<,
Wkh rqh fdxwlrq zlwk wklv vroxwlrq dojrulwkp lv wkdw wkhuh lv qr jxdudqwhh wkdw i3￿+s, olhv lq wkh
udqjh ^[￿>[ }}`/ zkhuh [￿ dqg [}} duh wkh orzhu dqg xsshu erxqgv ri [/ uhvshfwlyho|1 Zkhq wrr
pdq| srlqwv idoo r wkh julg/ wkh dojrulwkp lv vwrsshg1
Wkh vwuxfwxudo sdudphwhuv ri wklv prgho duh d>e>>u/ wkh phdq dqg wkh yduldqfh ri wkh kduyhvw1
Jlyhq wkh lghqwlfdwlrq sursrvlwlrq iurp Ghdwrq0Odurtxh +4<<9,/ wkh phdq dqg yduldqfh ri wkh
kduyhvw fdqqrw eh vhsdudwho| lghqwlhg iurp wkh olqhdu ghpdqg sdudphwhuv1 Dffruglqjo|/ wkh phdq
dqg yduldqfh duh qrupdol}hg wr 3 dqg 4 uhvshfwlyho|1 Wklv ohdyhv irxu vwuxfwxudo sdudphwhuv wr eh
hvwlpdwhg1 Vlqfh zh kdyh olplwhg lqwhuhvw lq hvwlpdwlqj u/ wkh lqwhuhvw udwh lv {hg dw 138/ vr wkdw
 @+ d>e>,￿ duh wkh sdudphwhuv wr eh hvwlpdwhg1 Ixuwkhupruh/ wr hqvxuh wkdw e?3d q gu .A3/
zh hvwlpdwh e￿ @ h{s+e,/ dqg ￿ @ 3=38 . h{s+,/ dqg uhfryhu wkh vwdqgdug huuruv ri e dqg 
xvlqj wkh ghowd phwkrg1 Wkh whfkqlfdo glfxow| lq hvwlpdwlqj wkh prgho lv wkdw zh kdyh d elyduldwh
vwrfkdvwlf surfhvv/ frpsulvhg ri {| dqg }|/ erwk ri zklfk duh xqrevhuyhg/ dqg duh dvvrfldwhg zlwk
dq revhuydeoh sulfh wkurxjk d qrq0olqhdu htxloleulxp sulfh ixqfwlrq1
714 Ilqlwh Vdpsoh Surshuwlhv ri wkh SPOH
Ghdwrq dqg Odurtxh +4<<9, hvwlpdwhg wkh frpprglw| sulfh prgho xvlqj wkh SPOH +svhxgr pd{l0
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1 Wkh txdqwlw| v+s|,@
Y +s|n￿ms|, lv hydoxdwhg dqdorjrxvo| +vhh Ghdwrq dqg Odurtxh +4<<8, iru ghwdlov,1
Uhvxowv iru wkh SPOH iurp d Prqwh Fduor h{shulphqw ri 833 uhsolfdwlrqv duh jlyhq lq Wdeoh
5./ dqg Iljxuhv 6 dqg 7 judsk wkh ghqvlwlhv ri wkh wkuhh hvwlpdwhv1 Dowkrxjk wkh qlwh vdpsoh
glvwulexwlrqv ri wkh hvwlpdwhv uhvhpeoh wkh qrupdo glvwulexwlrq/ wkh hvwlpdwhv duh qrw fhqwhuhg
durxqg wkh wuxh ydoxhv1 Wkh eldv lv qrq0qhjoljleoh dqg uhpdlqv vr dv wkh vdpsoh vl}h lqfuhdvhv1 Dv
Ghdwrq dqg Odurtxh +4<<8, qrwhg/ wklv frxog eh ehfdxvh wkh SPOH pdnhv qr xvh ri wkh wkhruhwlfdo
suhglfwlrqv ri wkh prgho derxw frqglwlrqdo vnhzqhvv dqg nxuwrvlv1
Ehiruh wxuqlqj wr wkh uhvxowv iru wkh vlpxodwlrq hvwlpdwruv/ d qrwh rq qrq0frqyhujhqw hvwlpdwhv
lv lq rughu1 Dowkrxjk lq sudfwlfh rqh fdq qh wxqh wkh lqlwldo jxhvvhv zkhq frqyhujhqfh lv qrw
.Ai |hi @*it uLh w @hi ti| @| ESc3c @?_ |i t|@h|?} @*it @| EDHc32.c2 @t ? |i L?|i@h*L
i Tih4i?|t _L?i *@|ih L? uLh |i t4*@|L? it|4@|Lht
44dfklhydeoh/ wklv lv glfxow wr lpsohphqw lq d Prqwh Fduor h{shulphqw1 Wkurxjkrxw rxu dqdo|vlv/ zh
glvfdug wkh uhsolfdwlrq zkhq zh hqfrxqwhu qrq0frqyhujhqfh dqg gudz d qhz vdpsoh1 Rxu h{shulhqfh
lv wkdw wkh SPOH surgxfhv idu pruh qrq0frqyhujhqw hvwlpdwhv wkdq wkh vlpxodwlrq hvwlpdwruv wr
eh frqvlghuhg1 Wklv frxog eh dq lpsruwdqw lvvxh zkhq d pruh frpsoh{ prgho lv wr eh hvwlpdwhg1
Dv Ghdwrq dqg Odurtxh +4<<9, qrwhg/ wkh hvwlpdwru shuirupv srruo| zkhq wkh l=l=g= dvvxpswlrq lv
uhod{hg wr doorz iru vhuldoo| fruuhodwhg kduyhvwv1 Lw lv zlwk wkhvh surshuwlhv ri wkh SPOH lq plqg
wkdw zh zloo eh dvvhvvlqj wkh uhvxowv iru wkh vlpxodwlrq hvwlpdwruv1
8 Ghvljq ri wkh Prqwh Fduor H{shulphqw
Lq wkh whuplqrorj| xvhg zkhq glvfxvvlqj wkh vlpxodwlrq hvwlpdwruv/ \| @ s|1 Iru hdfk ri wkh wkuhh
vlpxodwlrq hvwlpdwruv/ wkh vshfxodwlyh vwrudjh prgho lv xvhg dv wkh vwuxfwxudo prgho wr vlpxodwh
gdwd1 Wkh glphqvlrq ri  lv wkuhh1
Wr dvvhvv wkh wkuhh vlpxodwlrq hvwlpdwruv/ zh uvw xvh wkh iroorzlqj iru VPP=
p4 p+s|,@
k
s|>+s|   s,2>+s|   s,+s|3￿   s,
l￿
>m@4 >5>6= +54,
Vxpplqj wkhvh ryhu W jlyhv yh vdpsoh prphqwv1 Wkhvh prphqw frqglwlrqv duh vrphzkdw qdlyh
dv wkh| gr qrw h{solflwo| uhfrjql}h wkh qrq0olqhdu qdwxuh ri wkh sulfh surfhvv1 Wklv lv gholehudwh dv
zh zdqw wr dvvhvv wkh vhqvlwlylw| ri a  wr wkh fkrlfh ri prphqwv/ dqg khqfh wkh hfrqrplf frqwhqw
uhtxluhg lq wkh vlpxodwlrq vwdjh iru wkh vlpxodwlrq hvwlpdwruv wr kdyh jrrg surshuwlhv1
Wkh vhfrqg vhw ri prphqw frqglwlrqv lqfrusrudwhv pruh uhohydqw lqirupdwlrq derxw wkh vwuxf0
wxudo prgho e| wdnlqj lqwr dffrxqw wkh vnhzqhvv dqg nxuwrvlv ri wkh sulfh surfhvv=
p5 = p+s|,@
k
s|>+s|   s,￿>+s|   s,+s|3￿   s,
l￿
>l @5 >6>7= +55,
Wkh prphqwv ghqhg e| p2 wkhuhiruh doorz iru wkh qrq0olqhdulw| dqg vhuldo ghshqghqfh ri frp0
prglw| sulfhv1
Iru LQG dqg HPP/ zh frqvlghu irxu dx{loldu| prghov/ dqg wkh| duh ri lqfuhdvlqj frpsoh{lw|1
Wkh uvw lv dq DU+6, zlwk wkh orj olnholkrrg ixqfwlrq=






+s|  f ￿s|3￿  2s|32  ￿s|3￿,2
52 = +56,
Wkh vhfrqg dx{loldu| prgho lv d wklug rughu sro|qrpldo lq s|3￿=










45djdlq iru d wrwdo ri yh sdudphwhuv1 Wkxv/ lq frpsdulvrq wr P4/ qrq0olqhdulw| lq wkh frqglwlrqdo
phdq lv uhfrjql}hg/ wkrxjk wkh dx{loldu| prgho vwloo dvvxphv frqvwdqw frqglwlrqdo yduldqfh1
Wkh wklug dx{loldu| prgho doorzv iru d wlph ydu|lqj frqglwlrqdo yduldqfh1 Lwv remhfwlyh ixqfwlrq
lv vshflhg dv=








h| @ s|  f  ￿s|3￿  2s2
|3￿>
oq2
| @ k| @ f . ￿s2
|3￿= +59,
Prgho P6 doorzv iru frqglwlrqdo khwhurvnhgdvwlflw|/ exw grhv qrw fdswxuh wkh wzr0uhjlph qdwxuh ri
wkh sulfh surfhvv1
Wkh qdo dx{loldu| prgho zh frqvlghuhg lv wkh Vprrwk Wudqvlwlrq Dxwruhjuhvvlyh Prgho ^VWDU/
vhh Judqjhu dqg Whudvyluwud +4<<6,` dqdo|}hg lq Qj+4<<9, iru wkh frpprglw| sulfh prgho xqghu
lqyhvwljdwlrq1 Wkh prgho lv ghqhg dv





| @ k| @ f .




| @ 4 . h{s++s|3￿  sW,,
zkhuh  lv d odujh srvlwlyh frqvwdqw wkdw frqwurov krz idvw wkh prgho vzlwfkhv iurp rqh uhjlph wr
wkh qh{w1 Lw kdv wkh surshuw| wkdw li s|3￿ ?s W> wkhq | $ 4> dqg wkxv s| lv dq dxwruhjuhvvlrq zlwk
frqglwlrqdo khwhurvfhgdvwlflw|1 Li rq wkh rwkhu kdqg/ s|3￿ As W> wkhq | $4dqg s| lv klvwru|
lqghshqghqw zlwk d {hg orj yduldqfh1 Wkh sdudphwhuv ri wkh dx{loldu| prgho wr eh hvwlpdwhg duh=
 @ i￿> f> f> ￿>s Wj￿/z l w k {hg dw +432vwdqgdug ghyldwlrq ri sulfhv,1 Xvlqj wkh Ndopdq Ilowhu
wr exlog xs wkh olnholkrrg ixqfwlrq/ wkh remhfwlyh ixqfwlrq iru wkh dx{loldu| prgho lv=








Prgho 7 lv ulfk lq hfrqrplf vwuxfwxuh dv lw h{solflwo| prghov wkh wzr uhjlph qdwxuh ri wkh frqglwlrqdo
phdq dqg yduldqfh1
Jlyhq wkdw wkh frqglwlrqdo PO hvwlpdwhv iru P4 dqg P5 duh wkh ohdvw vtxduhv hvwlpdwhv/ hvwlpd0
wlrq e| pd{lpxp olnholkrrg lv qrw qhfhvvdu|1 Wkh hvwlpdwhv ri P6 dqg P7 duh/ krzhyhu/ rewdlqhg
e| pd{lpxp olnholkrrg1
Rxu Prqwh Fduor h{shulphqw frqvlvwv ri 833 vlpxodwlrqv xvlqj Jdxvv 615141 Iru wkh m|￿ Prqwh
Fduor/
4641 ohw  @+ 3 =93>3=63>3=43,￿ dqg frpsxwh wkh htxloleulxp sulfh ixqfwlrq>
51 vlpxodwh ih|jA
|’￿ vwdqgdug qrupdo yduldwhv xvlqj vhhg 5888.m>
61 vlpxodwh 43  W srlqwv ri s| xvlqj +4<,1 Wkh odvw W srlqwv duh wuhdwhg dv wkh gdwd>
71 frpsxwh p4r up5 lq wkh fdvh ri VPP/ dqg hvwlpdwh dx{loldu| prgho P4/ P5/ P6/ ru P7
lq wkh fdvh ri HPP dqg LQG>
81 vlpxodwh vwdqgdug qrupdo yduldwhv ih h|j￿￿￿u￿
|’￿ xvlqj vhhg 588.m/ zkhuh WK  Q>
91 vwduw dw wkh lqlwldo jxhvv f @+ 3 =8;>3=5:>3=45,>
:1 ehjlq zlwk lwhudwlrq l @4 /
+d, iru d jlyhq ￿/ vroyh iru wkh htxloleulxp sulfh ixqfwlrq dqg xvh +4<, wr vlpxodwh 4=4  Q
srlqwv ri h s| xvlqj ih h|j dv kduyhvwv> wkh odvw Q srlqwv duh uhwdlqhg1
+e, hydoxdwh wkh fulwhulrq ixqfwlrq G￿
WG dqg vwrs li frqyhujhqfh lv dfklhyhg>
+f, xsgdwh ￿ dqg uhwxuq wr +:d, +iru wkh vdph m,x q w l oG￿
WG lv plqlpl}hg1
;1 xsgdwh m d q gj rw r5 1
Dv d frpsxwdwlrqdo pdwwhu/ ih|j dqg ih h|j fdq wdnh rq rqh ri whq ydoxhv ehfdxvh wkh Jdxvvldq
glvwulexwlrq lv dssur{lpdwhg e| d whq srlqw glvwulexwlrq +vhh Wdxfkhq +4<;9,,1 Lq sudfwlfh/ zh
uvw vlpxodwh d Xqlirup+3/4, yduldeoh dqg xvh lw dv dq lqglfdwru wr vhohfw rqh ri wkh whq srlqwv
wkdw dssur{lpdwh wkh Jdxvvldq glvwulexwlrq1 Sdudphwhu hvwlpdwhv duh rewdlqhg xvlqj d irup ri
wkh Ehuqgw/ Kdoo/ Kdoo dqg Kdxvpdq +4<:7, dojrulwkp/ zlwk qxphulfdo ghulydwlyhv hydoxdwhg e|
vpdoo sdudphwhu shuwxuedwlrqv1 Zh xvh wkh judglhqw ri wkh remhfwlyh ixqfwlrq dv wkh frqyhujhqfh
fulwhulrq/ dqg wkh fdofxodwlrqv duh vwrsshg zkhq wkh hodvwlflw| ri wkh fulwhulrq zlwk uhvshfw wr hdfk
sdudphwhu lv ohvv wkdq 413H071
Lq dgglwlrq wr kdylqj irxu dx{loldu| prghov lq wkh Prqwh Fduor/ zh ohw W@433/ 533 dqg Q@833/
4333/ 58331 Wkxv/ wkhuh duh 57 fdvhv lq wrwdo1 Qrwh wkdw dowkrxjk i+[, lv vroyhg iru d glvfuhwh
qxpehu ri srlqwv/ hdfk vlpxodwhg gdwd srlqw vdwlvhv wkh htxloleulxp sulfh ixqfwlrq1 Wklv lv dfklhyhg
e| fxelf vsolqh lqwhusrodwlrq ehwzhhq julg srlqwv1 D sduwlfxodu h{shulphqw pljkw idlo iru rqh ri wkh
iroorzlqj uhdvrqv= l, wkhuh duh wrr pdq| srlqwv lq i3￿+s, wkdw idoo r wkh julg> ll, wkh pd{lpxp
olnholkrrg xvhg wr hvwlpdwh wkh dx{loldu| prgho idlov wr frqyhujh> ru lll, wkh judglhqw ri wkh remhfwlyh
ixqfwlrq lv dw dqg wkh lwhudwlrq idlov wr frqyhujh1 Lq vxfk fdvhv/ wkh uhsolfdwlrq lv glvfdughg1 Wkh
fdofxodwlrqv duh grqh rq d Shqwlxp Sur 533/ d Shqwlxp 499/ d Shqwlxp 453 zlwk rffdvlrqdo khos
47iurp wzr xql{ zrunvwdwlrqv1 Lw kdv suryhq frpsxwdwlrqdoo| wrr ghpdqglqj wr dvvhvv wkh LQG xvlqj
P6 dqg P7 dv wkh dx{loldu| prghov1 Uhvxowv iru LQG xvlqj P6 duh uhvwulfwhg wr 433 uhsolfdwlrqv/
dqg wkh dwwhpsw wr rewdlq hvwlpdwhv xvlqj P7 lv dedqgrqhg1 Zh zloo hoderudwh rq wklv lvvxh ehorz1
9U h v x o w v
Wkh uhvxowv iru VPP duh uhsruwhg lq Wdeoh 61 Wkh VPP hvwlpdwru whqgv wr xqghuhvwlpdwh d dqg
e dqg voljkwo| ryhu0hvwlpdwhv 1 Iru prphqwv ghqhg e| p4/ wkh hvwlpdwhv h{klelw qrq0qhjoljleoh
phdq dqg phgldq eldvhv hvshfldoo| zkhq W@4331 Lqghhg/ wkhvh duh vrph ri wkh odujhvw eldvhv wkdw
zh revhuyh lq wkh hqwluh h{shulphqw1 Krzhyhu/ wkh hvwlpdwhv edvhg rq prphqwv ghqhg e| p5d u h
pxfk lpsuryhg1 Uhfdoo wkdw wkh prphqwv ghqhg e| p4 ljqruh wkh qrq0olqhdulw| lq wkh gdwd/ dqg
wkhuhiruh gr qrw fdswxuh dv ixoo| wkh gdwd fkdudfwhulvwlfv dv p51 Dv d frqvhtxhqfh/ zh kdyh odujhu
phdq dqg phgldq eldvhv/ e| dv pxfk dv durxqg 48( iru hdfk ri wkh wkuhh sdudphwhuv zkhq zh xvh
wkh p4 prphqwv1 Pruhryhu/ wkh hvwlpdwhv edvhg xsrq p4 duh ohvv hflhqw/ zlwk vwdqgdug huuruv
iru d/ e dqg  wkdw duh vrphwlphv wzlfh dv odujh dv wkrvh rewdlqhg e| pdwfklqj p51 Zkloh wkhvh
uhvxowv duh qrw vxusulvlqj/ wkh| vwuhvv wkh lpsruwdqfh ri zklfk prphqwv zh fkrrvh wr pdwfk1 Wkh
prphqwv vkrxog kdyh hqrxjk yduldwlrqv wr doorz iru lghqwlfdwlrq ri wkh vwuxfwxudo sdudphwhuv/ dv
Gxh dqg Vlqjohwrq +4<<6, hpskdvl}hg1 Ljqrulqj wkh kljkhu rughu prphqwv +vxfk dv vnhzqhvv dqg
nxuwrvlv, zkhq wkh dfwxdo surfhvv lv qrq0olqhdu/ iru lqvwdqfh/ zloo ohdg wr erwk kljkhu phdq dqg
phgldq eldvhv dqg ohvv hflhqw hvwlpdwhv1
Wkh dv|pswrwlf vwdqgdug huuruv duh ghulyhg xqghu wkh dvvxpswlrq wkdw W $4 1 Lw lv lqwhuhvwlqj
wr frpsduh wkhvh zlwk wkh vwdqgdug ghyldwlrq ri wkh hvwlpdwhv lq wkh Prqwh Fduor h{shulphqw/ zklfk
fdq eh wkrxjkw ri dv wkh yduldwlrq lq wkh hvwlpdwhv zkhq wkh qxpehu ri uhsolfdwlrqv ehfrphv odujh
+lq wklv fdvh/ 833,1 Zkloh wkh dv|pswrwlf vwdqgdug huuruv iru d/ e dqg  duh jhqhudoo| forvh wr
wkh vwdqgdug ghyldwlrq ri wkh hvwlpdwhv/ wkh glvfuhsdqflhv iru VPP duh pxfk odujhu wkdq zkdw zh
uhfrug iru LQG dqg HPP +wr eh uhsruwhg,1 Iru wkh p4>W @ 433 frpelqdwlrq/ wkh dv|pswrwlf
vwdqgdug huuruv duh vrphwlphv ohvv wkdq kdoi wkh vwdqgdug ghyldwlrqv1 Ehfdxvh vxfk glvfuhsdqflhv
duh qrw revhuyhg iru wkh vlpsoh PD+4, prgho uhsruwhg lq Wdeoh 4/ rqh srvvleoh h{sodqdwlrq lv wkdw
wkh VPP hvwlpdwhv duh pruh yduldeoh lq sudfwlfh wkdq zkdw lv suhglfwhg e| wkhru|/ dv wkh vwuxfwxudo
prgho ehfrphv lqfuhdvlqjo| frpsoh{1
Wkh uhvxowv iru VPP dovr vkrz wkdw lqfuhdvlqj WK iurp 833 wr 4333 dqg 5833 glg olwwoh wr
lpsuryh wkh eldv dqg hflhqf| ri wkh hvwlpdwhv1 Wkh hvwlpdwhv duh lpsuryhg rq erwk frxqwv/
krzhyhu/ dv W lqfuhdvhv iurp 433 wr 5331 Wkdw lv wr vd|/ lqfuhdvlqj wkh ohqjwk ri wkh revhuyhg gdwd
kdv d vwurqjhu lqxhqfh rq wkh hvwlpdwhv wkdq lqfuhdvlqj wkh ohqjwk ri wkh vlpxodwhg vhulhv1 Dv
iru wkh whvw ri ryhu0lghqwli|lqj uhvwulfwlrqv/ wkh "2 whvw lv voljkwo| xqghuvl}hg iru doo yduldqwv ri wkh
48hvwlpdwru frqvlghuhg1
Wkh uhvxowv iru HPP iru wkh irxu dx{loldu| prghov duh uhsruwhg lq Wdeoh 71 Wkh hvwlpdwhv
duh jhqhudoo| vdwlvidfwru|/ zlwk vpdoo phdq dqg phgldq eldvhv/ hyhq zlwk wkh vpdoo qxpehu ri
vlpxodwhg gdwd zh kdyh xvhg1 Zkloh e lv dozd|v xqghu0hvwlpdwhg +lq devroxwh whupv,/  whqgv wr eh
ryhu0hvwlpdwhg1 Zkloh wkh wzr olqhdu prghov +P4 dqg P5, voljkwo| ryhu0hvwlpdwh d rq dyhudjh/ wkh
wzr qrq0olqhdu prghov voljkwo| xqghu0hvwlpdwh lw1 Lqfuhdvlqj W whqgv wr uhgxfh phdq dqg phgldq
eldvhv lq wkh HPP hvwlpdwru1 Pruhryhu/ grxeolqj wkh vdpsoh vl}h uhgxfhv wkh vwdqgdug huuruv ri
wkh hvwlpdwhv e| wkh h{shfwhg idfwru ri
s
51
Wkh qxpehu ri vlpxodwhg gdwd srlqwv/ Q/ lv pxfk vpdoohu wkdq uhfrpphqghg lq Jdoodqw dqg
Wdxfkhq dqg zduudqwv vrph lqyhvwljdwlrq1 Lq hpslulfdo qdqfh dssolfdwlrqv/ Jdoodqw dqg Wdxfkhq
xvhg dq Q ri 433/333 zkhq W lv 49/45:1 Ehfdxvh zh rqo| kdyh ;; revhuydwlrqv iru frpprglw| sulfhv/
wkh Q xvhg lq qdqfldo dssolfdwlrqv pd| qrw eh dssursuldwh iru rxu dssolfdwlrq1 Vlqfh Q @ W K/
zh hvvhqwldoo| h{shulphqwhg zlwk vlpxodwlqj 8 wr 58 wlphv wkh ohqjwk ri wkh revhuyhg gdwd1 Zh
kdyh irxqg rqo| d voljkw eldv uhgxfwlrq dv Q lqfuhdvhv iurp 4333 wr 58331 Lqfuhdvlqj Q uhgxfhv wkh
dv|pswrwlf vwdqgdug huuruv ri wkh hvwlpdwhv dv rqh zrxog h{shfw1 Zkloh lw lv srvvleoh wkdw zh kdyh
sxw wkh HPP rq xqidlu jurxqg ehfdxvh Q lv wrr vpdoo/ lq d vxevhtxhqw vhfwlrq/ zh zloo suhvhqw
uhvxowv iru HPP zklfk dprxqw wr ohwwlqj Q $4 1
Zkloh wkh hvwlpdwhv xvlqj HPP duh vlplodu dfurvv dx{loldu| prghov/ wkhuh duh wzr qrwdeoh
glhuhqfhv1 Wkh uvw frqfhuqv wkh RLG whvw1 Wkh wzr olqhdu prghov kdyh uhmhfwlrq udwhv ri }hur/
zkloh wkh wzr qrq0olqhdu prghov kdyh uhdvrqdeoh uhmhfwlrq udwhv/ |hw zlwk yduldwlrqv wkdw vhhp
xquhodwhg wr hlwkhu Q ru W1 Wklv qglqj vxjjhvwv wkdw wkh fkrlfh ri dx{loldu| prgho pdwwhuv1 Lq rxu
frqwuroohg vhwwlqj/ zh nqrz wkdw sulfhv duh qrq0olqhdu lq phdq dqg yduldqfh/ dqg dx{loldu| prghov
zklfk fdswxuh wkhvh fkdudfwhulvwlfv dssduhqwo| kdyh ehwwhu vl}h surshuwlhv1 Wkh vhfrqg glhuhqfh
dulvhv lq wkh vwdqgdug ghyldwlrq ri wkh hvwlpdwhv uhodwlyh wr wkh dv|pswrwlf vwdqgdug huuruv1 Wkh
glvfuhsdqflhv lq wkh wzr vwdwlvwlfv duh jhqhudoo| odujhu iru wkh wzr olqhdu prghov1 Lq sduwlfxodu/ wkh
yduldwlrqv lq a  duh vrphwlphv wzlfh dv odujh dv wkrvh vxjjhvwhg e| wkh dv|pswrwlf vwdqgdug huuruv1
Dowkrxjk glvfuhsdqflhv ehwzhhq wkh wzr vwdwlvwlfv duh uhgxfhg dv Q dqg W lqfuhdvh/ wkh| uhpdlq
qrq0qhjoljleoh iru wkh wzr olqhdu dx{loldu| prghov1 D vlplodu sureohp zdv revhuyhg iru wkh VPP
zlwk wkh dx{loldu| prghov zklfk gr qrw fdswxuh wkh qrqolqhdulw| lq wkh gdwd1 Wklv vxjjhvwv wkdw wkh
dv|pswrwlf vwdqgdug huuruv ri wkh VPP dqg HPP pd| xqghuvwdwh wkh yduldelolw| ri wkh hvwlpdwhv
zkhq wkh dx{loldu| prgho grhv qrw fdswxuh czhoo* wkh ihdwxuhv ri wkh dfwxdo sulfhv1
Uhvxowv iru LQG duh uhsruwhg lq Wdeoh 81 Zh uvw irfxv rq wkh wzr olqhdu prghov1 Wkh hvwlpdwhv
kdyh vpdoo phdq dqg phgldq eldvhv1 Wkh hvwlpdwru whqgv wr xqghu0hvwlpdwh d dqg e/ dqg ryhu0
hvwlpdwhv 1 Xqolnh wkh HPP hvwlpdwru/ wkhuh dsshduv wr eh ohvv yduldwlrq lq wkh hvwlpdwhv dfurvv
49dx{loldu| prghov1 Wklv pljkw eh gxh wr wkh idfw wkdw wkh LQG ehjlqv zlwk wkh suhplvh wkdw
wkh dx{loldu| prgho lv qrw d fruuhfwo| vshflhg prgho/ dqg wkhuhiruh lw pdwwhuv ohvv krz zhoo wkh
dx{loldu| prgho wv wkh gdwd1 Dffruglqjo|/ wkh hvwlpdwhv iurp erwk dx{loldu| prghov kdyh vlplodu
surshuwlhv1 Wkh dv|pswrwlf dssur{lpdwlrq ri wkh vwdqgdug huuruv lv dovr uhdvrqdeo| jrrg1 Wkh
"2 whvw lv frqvlvwhqwo| lq wkh qhljkerukrrg ri 8(1 Rqh lqwhuhvwlqj dvshfw ri wkh LQG lv wkdw wkh
hflhqf| jdlq iurp lqfuhdvlqj W dqg2ru Q lv ohvv qrwlfhdeoh wkdq lq VPP dqg HPP1
Rxu h{shulhqfh zlwk dsso|lqj wkh lqgluhfw lqihuhqfh hvwlpdwru wr qrq0olqhdu dx{loldu| prghov kdv
ehhq glvfrxudjlqj1 Wr eh idlu/ zh gr qrw eholhyh wkdw wkh LQG zdv lqwhqghg wr eh xvhg zlwk frpsoh{
dx{loldu| prghov/ dqg hydoxdwlqj wkh LQG xqghu P6 dqg P7 zdv pruh dq lvvxh ri frpsohwhqhvv1
Qhyhuwkhohvv/ zh hqfrxqwhu wzr sureohpv zlwk wkh LQG zkhq qrq0olqhdu dx{loldu| prghov duh xvhg1
Wkh uvw lv wkh wuhphqgrxv ghpdqg rq wlph/ ehfdxvh wkh dx{loldu| prgho kdv wr eh uh0hvwlpdwhg
xqwlo frqyhujhqfh lv dfklhyhg1 Lw dovr dsshduv wkdw frqyhujhqfh lv pruh hdvlo| rewdlqhg e| dyhudjlqj
ryhu K hvwlpdwhv iurp vlpxodwhg gdwd ri ohqjwk W udwkhu wkdq vlpxodwlqj rqh sdwk ri ohqjwk W K/
hyhq wkrxjk wkh wzr phwkrgv vkrxog surgxfh hvwlpdwhv zlwk wkh vdph dv|pswrwlf surshuwlhv1 Wklv
urxwh lqfuhdvhv frpsxwdwlrqdo wlph hyhq ixuwkhu/ krzhyhu/ vlqfh wkh qrq0olqhdu prgho kdv wr eh
hvwlpdwhg K wlphv shu lwhudwlrq1 Zh kdyh olwwoh fkrlfh exw wr uhvwulfw wkh qxpehu ri Prqwh Fduorv
wr 433 iru P61 Vhfrqg/ lq d orw ri fdvhv/ zh idlo wr rewdlq hvwlpdwhv wkdw vdwlvi| rxu frqyhujhqfh
fulwhulrq1 Lq idfw/ glfxowlhv zlwk xvlqj qrq0olqhdu prghov vxuidfh hyhq zkhq zrunlqj zlwk wkh
PD+4, h{dpsoh1 Iru P7/ wkh sureohp zdv vhyhuh hqrxjk wkdw zh kdyh qr fkrlfh exw wr dedqgrq
wkh h{shulphqw1 Lq dq| hyhqw/ zh kdyh qrw irxqg xvlqj wkh qrq0olqhdu dx{loldu| prgho wr eh zruwk
wkh frpsxwdwlrq frvw1 Uhvxowv iru P6 lq Wdeoh 8 vxjjhvw wkdw wkh hvwlpdwhv duh jhqhudoo| pruh
eldvhg dqg ohvv hflhqw wkdq wkh lqgluhfw hvwlpdwhv edvhg xsrq wkh wzr olqhdu prghov1
Iru hdfk ri wkh wkuhh hvwlpdwruv/ wkh ghqvlwlhv ri wkh cehvw* vhw ri hvwlpdwhv iru W@433 duh
judskhg lq Iljxuh 8 dqg iru W @533 lq Iljxuh 91 Pruh suhflvho|/ wkhvh ghqvlwlhv duh edvhg rq p5
iru VPP/ P7i r uH P Pd q gP5 iru LQG1 Iru wkh sdudphwhu d/ HPP lv fhqwhuhg forvhvw wr wkh wuxh
ydoxh dqg dovr kdv wkh vpdoohvw glvshuvlrq1 Iru e/ VPP dqg LQG grplqdwh HPP erwk lq whupv
ri orfdwlrq dqg glvshuvlrq1 Iru / doo wkuhh hvwlpdwruv surgxfh rxwolhuv wkdw dffrxqw iru wkh orqj
wdlo lq wkh glvwulexwlrq ri wkh hvwlpdwhv1 Wkh srvvlelolw| iru odujh rxwolhuv lv rqh xqghvludeoh qlwh
vdpsoh surshuw| lq doo wkuhh hvwlpdwruv wkdw rxu Prqwh Fduor h{shulphqwv uhyhdo1
Lq whupv ri wkh frpsxwdwlrqdo dvshfwv ri wkh wkuhh hvwlpdwruv/ zh kdyh wkh iroorzlqj revhuyd0
wlrqv1 Iluvw/ lq whupv ri wkh wlph qhfhvvdu| wr _ede|vlw% wkh Prqwh Fduor h{shulphqwv/ wkh VPP
lv e| idu wkh hdvlhvw1 Wkh vlpxodwlrqv iru d jlyhq frqjxudwlrq +ri W iru ydulrxv ydoxhv ri Q,w d n h
dw prvw rqh gd| wr frpsxwh1 Iru HPP/ lw ghshqgv rq Q1I r uQ qr odujhu wkdq 5833/ dv uhsruwhg
khuh/ wkh vlpxodwlrqv iru d frqjxudwlrq wdnh d olwwoh xqghu wzr gd|v1 Krzhyhu/ zkhq Q lv lqfuhdvhg
4:wr 43>333/ dv lq uhvxowv qrw uhsruwhg lq wkh sdshu/ wkh wlph uhtxluhg wulsohv1 Wklv lv ehfdxvh wkh
Pdunry qdwxuh ri wkh sulfh surfhvv uhtxluhv jhqhudwlqj s|n￿ iurp s| vhtxhqwldoo|/ dqg wklv lv d udwkhu
wlph frqvxplqj rshudwlrq lq Jdxvv zkhq Q lv odujh1 Iru LQG/ wkh wlph uhtxluhg vwurqjo| ghshqgv
rq wkh dx{loldu| prgho1 Iru wkh wzr olqhdu prghov/ wkh wlph uhtxluhg lv rqo| voljkwo| pruh wkdq
HPP1 Iru wkh qrq0olqhdu prghov/ lw wdnhv vhyhudo gd|v mxvw wr gr 433 Prqwh Fduorv zlwk Q @8 3 3 1
Wkxv/ iurp d sxuh frpsxwdwlrqdo vwdqgsrlqw/ VPP frphv rxw wkh zlqqhu/ iroorzhg e| HPP/ dqg
wkhq LQG1
Frpsduhg zlwk wkh SPOH hvwlpdwru/ wkh ehvw hvwlpdwhv surgxfhg e| wkh vlpxodwlrq hvwlpdwruv
kdyh d orzhu eldv1 Krzhyhu/ ehfdxvh wkh vlpxodwlrq hvwlpdwruv surgxfh rxwolhuv pruh iuhtxhqwo|/
wkh| dovr whqg wr eh ohvv hflhqw1 Wkxv/ lq whupv ri hflhqf|/ wkh SPOH vwloo krogv dq dgydqwdjh
ryhu wkh vlpxodwlrq hvwlpdwruv/ dw ohdvw iru wkh frqjxudwlrqv ri Q dqg W ehlqj frqvlghuhg1 Lq wkh
qh{w vhfwlrq/ zh zloo lqyhvwljdwh wkh wudgh0r ehwzhhq eldv dqg hflhqf|1
: Xvlqj wkh Lqyduldqw Glvwulexwlrq
Ghdwrq0Odurtxh +4<<5, qrwhg wkdw ehfdxvh ri wkh qrq0olqhdulw| ri wkh sulfh ixqfwlrq dqg wkh rffd0
vlrqdo vslnhv suhglfwhg e| wkh prgho/ d odujh qxpehu ri vlpxodwhg sulfhv lv uhtxluhg iru dq dffxudwh
hydoxdwlrq ri wkh prphqwv1 Krzhyhu/ wkh vshfxodwlyh frpprglw| vwrudjh prgho suhglfwv wkdw sulfhv
iroorz d uhqhzdo surfhvv dqg wkxv kdyh dq lqyduldqw glvwulexwlrq ^vhh Ghdwrq0Odurtxh +4<<5,`1 Wkh
h{lvwhqfh ri dq lqyduldqw glvwulexwlrq lv frqyhqlhqw ehfdxvh iru wzr ri wkh hvwlpdwruv frqvlghuhg/ wkh
lqyduldqw glvwulexwlrq doorzv xv wr jhqhudwh wkh +srsxodwlrq, prphqwv zlwkrxw kdylqj wr dssur{l0
pdwh wkhp e| Prqwh Fduor vlpxodwlrqv1 Lq rwkhu zrugv/ xvh ri wkh lqyduldqw glvwulexwlrq dprxqwv
wr wkh olplwlqj fdvh zkhuh wkh qxpehu ri vlpxodwhg sulfhv lv lqqlwh1 Wkh lqyduldqw glvwulexwlrq
wkxv doorzv iru udslg dqg dffxudwh hydoxdwlrq ri wkh prphqwv qhfhvvdu| wr rewdlq wkh sdudphwhu
hvwlpdwhv1 Lqghhg/ rqh ri wkh dgydqwdjhv ri xvlqj wkh frpprglw| sulfh prgho iru wkh Prqwh Fduor
h{shulphqw lv wkdw lw doorzv xv wr h{dplqh wkh h{whqw wr zklfk vlpxodwlrq eldvhv fdq eh uhgxfhg e|
lqfuhdvlqj wkh qxpehu ri vlpxodwlrqv1
Wr fdofxodwh wkh lqyduldqw glvwulexwlrq dvvrfldwhg zlwk sulfhv/ ghqh z+{|, lpsolflwo| iurp uhzulw0
lqj wkh wudqvlwlrq htxdwlrq +4;,=
{|n￿ @+ 4 ,+{|  S3￿+i+{|,,, .}|n￿ @ z+{|,.}|n￿ +63,
Uhfdoo wkdw wkh frpsdfw vxssruw ri wkh frqwlqxrxv vwdwh yduldeoh { lv glvfuhwl}hg e| dq htxlglvwdqw
vhw ri julg srlqwv/ [/ zkhuh [ @+ [￿>===>[}},d q gjj @ 83 lq rxu frpsxwdwlrqv1 Wkh wudqvlwlrq
suredelolw| iurp [￿ wr [￿ lv
U￿￿ @ su+[￿ . @5  {|n￿  [￿  @5m{| @ [￿,+ 6 4 ,
4;zkhuh  lv wkh glvwdqfh ehwzhhq srlqwv rq wkh julg [= Vxevwlwxwlqj iurp +63, dqg xvlqj wkh
dvvxpswlrq wkdw } lv d vwdqgdug qrupdo yduldwh/ zh kdyh
U￿￿ @ + [￿ .

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Wkh lqyduldqw glvwulexwlrq  lv wkhq wkh qrupdol}hg hljhqyhfwru ri U fruuhvsrqglqj wr wkh xqlw










,+ 6 7 ,
zkhuh h lv dq P0yhfwru ri rqhv1 Wkhuhiruh/ iru hyhu| srlqw rq wkh julg [￿/ wkhuh lv dq dvvrfldwhg
suredelolw| ￿/ dqg wklv lv dovr wkh suredelolw| ri revhuylqj i+[￿,1 Zh qrz glvfxvv krz wkh lqyduldqw
glvwulexwlrq fdq eh h{sorlwhg lq lpsohphqwlqj HPP dqg VPP1
:14 HPP xvlqj wkh lqyduldqw glvwulexwlrq
Wkh HPP pdwfkhv wkh +xqfrqglwlrqdo, h{shfwdwlrq ri wkh vfruhv ri wkh dx{loldu| prgho/ hydoxdwhg
zlwk wkh ghqvlw| ri wkh vwuxfwxudo prgho1 Iru wkh frpprglw| sulfh prgho/ wkh w|￿ hohphqw ri d
w|slfdo vfruh lv d ixqfwlrq ri s|/ s|3￿ dqg e 1 G h q r w hw k l ve |t+s|>s |3￿> e ,1 Wkh HPP hvwlpdwru
lpsohphqwhg lq wkh suhylrxv vhfwlrqv hydoxdwhv wkh h{shfwdwlrq ri t e| Prqwh Fduor lqwhjudwlrq1
Wkdw lv/ vlpxodwlqj wkh sulfh surfhvv iurp wkh dvvxphg vwuxfwxudo prgho/ dqg wkhq dyhudjlqj ryhu
wkh vlpxodwhg gdwd1 Krzhyhu/ wkh h{shfwdwlrq ri wkh vfruhv fdq dovr eh fdofxodwhg e| xvlqj wkh odz
ri lwhudwhg h{shfwdwlrqv/ lq frqmxqfwlrq zlwk wkh lqyduldqw glvwulexwlrq1 Vshflfdoo|/ zh fdq uvw
lqwhjudwh rxw whupv lqyroylqj s|3￿ rqo|/ dqg ehfdxvh s| @ i+{, ;w/ s|3￿ fdq eh uhsodfhg e| i+[￿,




i^+4  ,+[￿  S3￿+i+[￿,,, . }￿`> +68,
lq ylhz ri +4<,1 Wkh h{shfwdwlrq ri wkh vfruhv lv wkhq fdofxodwhg dv d zhljkwhg vxp ri t+hs￿>i+[￿,> e ,/
zkhuh wkh zhljkwv duh wkh xqfrqglwlrqdo suredelolwlhv dvvrfldwhg zlwk wkh lqyduldqw glvwulexwlrq1 Dq
h{dpsoh pdnhv wklv fohdu1




4<zkhuh e h| @ s|  e f  e ￿s|3￿  e 2s2
|3￿ dqg e k|  oq+2,@e f . e ￿s2
|3￿= Wkh frqglwlrqdo h{shfwdwlrq
ri +69,/ frqglwlrqhg rq lqirupdwlrq dw wlph +w  4,/ iru d jlyhq [￿ lv
t￿ @
hs￿  e f  e ￿i+[￿,  e 2^i+[￿,`2
h{s+e f . e ￿^i+[￿,`2,
+6:,
zkhuh hs￿ lv jlyhq e| +68,1 Wkh h{shfwdwlrq ri wkh vfruh lv frpsxwhg dv
}} [
￿’￿
t￿  ￿ +6;,
Qrwh/ krzhyhu/ wkdw wkh phwkrgrorj| lv dssolfdeoh wr P5>P6d q gP7/ exw qrw wr P4 ehfdxvh
ri P4*v DU+6, vwuxfwxuh1 Wkh odz ri lwhudwhg h{shfwdwlrqv fdqqrw eh xvhg lq wklv fdvh/ ehfdxvh wkh
prgho grhv qrw suhglfw dq| wudfwdeoh uhodwlrqvkls derxw H+s|ms|3￿,/ iru lqvwdqfh1
:15 VPP xvlqj wkh lqyduldqw glvwulexwlrq
Xvlqj wkh lqyduldqw glvwulexwlrq wr rewdlq wkh prphqwv uhtxluhg e| wkh VPP lv pruh vwudljkwiru0
zdug1 Wr hydoxdwh d sduwlfxodu prphqw/ +vd| wkh uvw,/ zh vlpso| xvh
}} [
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zkhuh i+[￿, lv wkh htxloleulxp sulfh ixqfwlrq hydoxdwhg dw { @ [￿/d q g￿ lv wkh xqfrqglwlrqdo
suredelolw| dvvrfldwhg zlwk [￿ lq wkh glvfuhwl}hg vwdwh vsdfh1 Wkh vhfrqg/ wklug dqg irxuwk prphqwv
duh ghqhg dqdorjrxvo|1 Qrwh wkdw iru wkh uvw irxu fhqwudo prphqwv zh gr qrw qhhg wr uhvruw wr
wkh odz ri lwhudwhg h{shfwdwlrqv +dv zdv qhfhvvdu| lq wkh fdvh ri HPP, ehfdxvh wkhvh prphqwv duh
douhdg| lq xqfrqglwlrqdo irup1 Krzhyhu/ zh gr qhhg wr hydoxdwh wkh uvw rughu dxwrfryduldqfh/ dqg
lq wkdw fdvh/ zh rqfh djdlq dsshdo wr wkh odz ri lwhudwhg h{shfwdwlrqv1 Pruh vshflfdoo|/ zh qhhg
wr hydoxdwh
HR^+s|  ,+s|3￿  ,`= +73,
Frqglwlrqlqj rq s|3￿ dqg wkhq lqwhjudwlqj rxw s|3￿/z hk d y h
}} [
￿’￿
+hs￿  ,  +i+[￿,  ,  ￿ +74,
zkhuh hs￿ lv ghqhg dv lq +68,/ i+[￿, lv wkh htxloleulxp sulfh ixqfwlrq dqg  @
S}}
￿’￿ i+[￿,  ￿1
Wkh lqyduldqw glvwulexwlrq fdq eh xvhg wr frqvwuxfw wkh VPP hvwlpdwhv zkhq xvhg lq frqmxqfwlrq
zlwk wkh prphqwv ghqhg e| p5 exw qrw p41 Zh fdqqrw lpsohphqw p4 ehfdxvh wkh prgho grhv
qrw suhglfw dq| wudfwdeoh uhodwlrqvkls derxw H^s|ms|3￿`i r umA41
53:16 Hvwlpdwlrq Edvhg rq wkh Lqyduldqw Glvwulexwlrq dqg Vlpxodwlrq Eldv
VPP uhvxowv edvhg rq wkh lqyduldqw glvwulexwlrq duh jlyhq lq Wdeoh 91 Vxusulvlqjo|/ wkh hvwlpdwhv
kdyh vrphzkdw odujhu eldv wkdq wkrvh edvhg rq Prqwh Fduor lqwhjudwlrq uhsruwhg lq Wdeoh 61
Rvhwwlqj hvwlpdwlrq dqg vlpxodwlrq huuruv frxog dffrxqw iru wkh vpdoohu eldv lq wkh vlpxodwlrq
edvhg hvwlpdwhv1 Krzhyhu/ wkhuh lv d qrwlfhdeoh jdlq lq hflhqf|1 Lq prvw fdvhv/ wkh vwdqgdug
huuruv edvhg rq wkh lqyduldqw glvwulexwlrq duh uhgxfhg e| dv pxfk dv 83(1
Wkh uhvxowv iru HPP edvhg rq wkh lqyduldqw glvwulexwlrq duh dovr jlyhq lq Wdeoh 91 Wkh eldvhv
duh vpdoohu wkdq wkrvh edvhg rq 4333 vlpxodwhg sulfhv xvlqj P7 zkhq W@433/ dqg duh ri vlplodu
pdjqlwxgh zkhq W@533 +uhfdoo wkdw P7 lv wkh dx{loldu| prgho wkdw |lhogv hvwlpdwhv zlwk wkh orzhvw
eldv dqg kljkhvw hflhqf| +vhh Wdeoh 7,,1 Krzhyhu/ zlwk wkh ohvv dghtxdwh dx{loldu| prghov vxfk
dv P5 dqg P6/ xvh ri wkh lqyduldqw glvwulexwlrq hlwkhu ohdgv wr d vxevwdqwldo uhgxfwlrq lq eldv
+hvshfldoo| lq wkh sdudphwhu e, ru dq lpsuryhphqw lq hflhqf|/ exw uduho| erwk1 Iru h{dpsoh/
wkh vwdqgdug huuruv iru e dqg  duh jhqhudoo| vpdoohu zkhq wkh lqyduldqw glvwulexwlrq lv xvhg/ exw
wkh eldvhv duh odujhu1 Ryhudoo/ d odujhu qxpehu ri vlpxodwlrqv vhhpv wr sduwldoo| frpshqvdwh iru
wkh lqdghtxdf| ri wkh dx{loldu| prgho1 Wkhuh lv dovr uhgxfhg yduldelolw| lq wkh hvwlpdwhv zkhq wkh
lqyduldqw glvwulexwlrq lv xvhg> wkh vwdqgdug ghyldwlrqv ri wkh hvwlpdwhv duh vpdoohu1 Qrwh wkdw iru doo
dx{loldu| prghov frqvlghuhg/ wkh odujh hflhqf| jdlqv vhhp wr rffxu dv W/ udwkhu wkdq Q/ lqfuhdvhv1
Lqghhg/ dw W@533/ wkh uhvxowv xvlqj wkh lqyduldqw glvwulexwlrq duh rqo| voljkwo| ehwwhu wkdq wkrvh
zlwk Q @ 58331 Wkxv/ dv hpskdvl}hg hduolhu zkhq hydoxdwlqj wkh PD+4, h{dpsoh/ lqfuhdvlqj W
vhhpv wr kdyh d vwurqjhu hhfw rq wkh surshuwlhv ri HPP wkdq lqfuhdvlqj Q/ hvshfldoo| rqfh Q kdv
uhdfkhg d fhuwdlq fulwlfdo srlqw1 Iru wkh suhvhqw dssolfdwlrq/ wklv ydoxh ri Q lv durxqg 4333/ ru 43
wlphv wkh vdpsoh vl}h1
Wkh dyhudjh phdq vtxduhg huuru +PVH, ri wkh hvwlpdwhv edvhg rq wkh ehvw dx{loldu| prgho dqg
prphqwv lv suhvhqwhg lq Wdeoh :1 Iru doo wkuhh hvwlpdwruv/ dq lqfuhdvh lq wkh vdpsoh vl}h lqgxfhv
d odujhu uhgxfwlrq lq PVH wkdq dq lqfuhdvh lq wkh qxpehu ri vlpxodwhg gdwd srlqwv1 Wkh HPP
dozd|v surgxfhv wkh ehvw hvwlpdwhv iru wkh sdudphwhu d/ exw wkh zruvw hvwlpdwhv ri e1 Rq wkh rwkhu
kdqg/ wkh VPP surgxfhv wkh ehvw hvwlpdwhv ri e/ exw wkh zruvw hvwlpdwhv ri d dqg 1W k h L Q G
frphv vhfrqg lq doo wkuhh sdudphwhuv1
Wkh glhuhqfh lq PVH ehwzhhq wkh vlpxodwlrq edvhg dqg wkh lqyduldqw glvwulexwlrq edvhg hv0
wlpdwhv fdq eh lqwhusuhwhg dv vlpxodwlrq huuru1 Iru HPP/ wkh vlpxodwlrq huuru lqgxfhg rq a e lv
wkh odujhvw/ exw lw idoov udslgo| zlwk wkh vdpsoh vl}h1 Dw W@533/ wkh PVH iru doo wkuhh sdudphwhuv
hvwlpdwhg e| HPP lv txlwh forvh wr wkh PVH ri wkh lqyduldqw glvwulexwlrq1 Wkh uhvxowv rqfh djdlq
vxjjhvw wkdw iru HPP/ W lv yhu| lpsruwdqw wr wkh surshuwlhv ri wkh hvwlpdwhv/ pruh vr wkdq wkh
qxpehu ri vlpxodwlrqv1 Iru wkh VPP/ wkh vlpxodwlrq huuru lq a d lv wkh odujhvw/ exw lw idoov dv hlwkhu
54Q ru W ulvh1
Lw lv xvhixo wr kdyh d vlqjoh phwulf wr dvvhvv krz Q dhfwv wkh vlpxodwlrq eldv1 Iru wklv sxusrvh/
zh frqvlghu wkh phdq vtxduhg huuru ri sulfhv1 Wklv lv ghqhg dv wkh phdq vtxduhg glhuhqfh ehwzhhq
wkh sulfhv ghulyhg iurp wkh vwuxfwxudo prgho hydoxdwhg dw wkh wuxh ydoxh ri / zlwk wkrvh hydoxdwhg
dw wkh hvwlpdwhg sdudphwhuv1 Wkh uhvxowv duh uhsruwhg lq wkh odvw froxpq ri Wdeoh :1 Wkh PVH
iru sulfhv lv wkh vpdoohvw iru wkh lqyduldqw glvwulexwlrq dqg lqfuhdvhv dv Q lv uhgxfhg +iru d jlyhq
hvwlpdwru,1 Wklv zdv h{shfwhg ehfdxvh wkh lqyduldqw glvwulexwlrq lv htxlydohqw wr vlpxodwlqj dq
lqqlwh qxpehu ri sulfhv1 Lw lv qrqhwkhohvv vxusulvlqj wr qg wkdw iru HPP xvlqj P7/ vhwwlqj Q wr
@5833 zkhq W @ 533 grhv doprvw dv zhoo dv xvlqj wkh lqyduldqw glvwulexwlrq +zlwk PVH ri 144:9
dqg 14498 uhvshfwlyho|,1 Zlwk W @ 433/ wkh ghfuhdvh lq vlpxodwlrq eldv iurp lqfuhdvlqj Q eh|rqg
4333 lv vpdoo +wkh PVH lv 16555 iru Q @ 4333 dqg idoov wr 15<47 zkhq Q @ 5833,1 Wkhvh uhvxowv
vxjjhvw wkdw shuiruplqj wkh Prqwh Fduor lqwhjudwlrq ryhu Q  43W revhuydwlrqv lv dghtxdwh1 Wkh
VPP uhvxowv vxssruw wkhvh frqfoxvlrqv1 Wkh ghfuhdvh lq PVH zkhq udlvlqj Q iurp 4333 wr 5833
lv vpdoo +168;; wr 16787 zkhq W @ 433,/ dqg lw lv qrw idu r iurp wkh lqyduldqw glvwulexwlrq eldv
+15;83,1 Lqghhg/ zkhq Jdoodqw dqg Wdxfkhq vlpxodwhg 433/333 gdwd srlqwv/ wkh| duh vlpxodwlqj
urxjko| vhyhq wlphv wkh vl}h ri wkh revhuyhg gdwd vhulhv1 Rxu vxjjhvwlrq ri Q  43W lv voljkwo| rq
wkh frqvhuydwlyh vlgh1
Ehfdxvh qr rqh hvwlpdwru lv vxshulru lq hvwlpdwlqj doo wkuhh sdudphwhuv/ wkh PVH ri sulfhv
dovr surylghv d frqyhqlhqw phwulf iru dq ryhudoo frpsdulvrq1 Wkh uhvxow wkdw vwdqgv rxw lv wkdw doo
wkuhh vlpxodwlrq hvwlpdwruv duh lqihulru wr wkh SPOH1 Dv phqwlrqhg hduolhu/ wkh SPOH lv phdq
dqg phgldq eldvhg1 Dowkrxjk wkh vlpxodwlrq hvwlpdwruv surylgh lpsuryhphqwv rq wklv frxqw/ wkh
hvwlpdwhv duh dovr ohvv yduldeoh dqg rq qhw/ kdyh odujhu huuruv wkdq wkh SPOH lq d phdq0vtxduhg
vhqvh1 Ri wkh wkuhh vlpxodwlrq hvwlpdwruv/ wkh VPP lv qrwlfhdeo| wkh zhdnhvw1 Iru W @4 3 3 /w k h
HPP zlwk d odujh Q hgjhv rxw LQG yhu| voljkwo|1 Wkh VPP dqg HPP h{klelw vkdushu uhgxfwlrqv
lq PVH wkdq wkh LQG dv wkh vdpsoh vl}h lqfuhdvhv1 Iru W@533/ HPP kdv wkh vpdoohvw PVH
hyhq zkhq d vpdoo Q1 Lw dsshduv wkdw vdpsoh vl}h shuplwwlqj/ wkh HPP lv wkh ehvw ri wkh wkuhh
hvwlpdwruv iurp d phdq0vtxduhg huuru srlqw ri ylhz1 Iru vpdoohu vdpsoh vl}hv/ wkh LQG lv d vwdeoh
shuiruphu dqg lw lv wkh ohdvw vhqvlwlyh wr yduldwlrqv lq Q ru W1
; Frqfoxvlrq
Lq wklv sdshu/ zh xvh wkh vshfxodwlyh vwrudjh prgho xqghu udwlrqdo h{shfwdwlrqv dv wkh whvw ehg
iru wkuhh hvwlpdwruv zklfk duh vxlwhg zkhq wkh remhfwlyh ixqfwlrq iru fodvvlfdo hvwlpdwlrq ehfrphv
lqwudfwdeoh1 Wkhuh duh vrph wudghrv dprqj wkh hvwlpdwruv zruwk| ri frqvlghudwlrq1
5541 Vwdwlvwlfdo hflhqf| yv1 frpsxwdwlrqdo hflhqf|=
Wkh VPP whqgv wr kdyh odujhu eldvhv dqg yduldqfhv exw lv wkh hdvlhvw wr lpsohphqw1 Wkh
LQG lv pruh urexvw wr yduldwlrqv lq Q dqg W exw fdq eh frpsxwdwlrqdoo| frvwo| zkhq wkh
dx{loldu| prgho lv glfxow wr hvwlpdwh1 Wkh HPP lv ehvw zkhq Q dqg hvshfldoo| W duh odujh/
exw lwv frpsxwdwlrqdo frvw lqfuhdvhv zlwk Q dqg wkh frpsoh{lw| ri wkh vwuxfwxudo prgho1
51 Fkrlfh ri prphqwv dqg dx{loldu| prghov=
Iru wkh VPP dqg wkh HPP/ fkrrvh prphqwv dqg dq dx{loldu| prgho wr hqfrpsdvv dv pdq|
ihdwxuhv +vxfk dv qrq0olqhdulw|, lq wkh gdwd dv srvvleoh1 Rq wklv/ hfrqrplf wkhru| fdq surylgh
d jxlgh1 Iru LQG/ nhhs wr d vlpsoh dx{loldu| prgho1
61 Qxpehu ri vlpxodwhg gdwd srlqwv=
Xvh ri wkh wkhruhwlfdo lqyduldqw glvwulexwlrq wr hydoxdwh wkh uhohydqw h{shfwdwlrqv |lhogv h0
flhqf| jdlqv ryhu Prqwh Fduor lqwhjudwlrq1 Zkhq wkh h{shfwdwlrqv duh wr eh dssur{lpdwhg
e| vlpxodwlrqv/ vlpxodwlqj whq wlphv wkh qxpehu ri revhuydwlrqv dv lq wkh dfwxdo gdwd vhhpv
dssursuldwh lq wkh vhqvh wkdw wkh uhgxfwlrqv lq vlpxodwlrq eldv iurp vlpxodwlqj pruh revhu0
ydwlrqv lv vpdoo1
71 Wkh vdpsoh vl}h=
Wkh surshuwlhv ri wkh HPP duh wkh prvw vhqvlwlyh wr wkh vdpsoh vl}h1 Dw W @ 533/ wkh
HPP frphv forvhvw wr wkh hflhqf| ri wkh SPOH/ dqg wkh glhuhqfh vkrxog qduurz dv W
lqfuhdvhv1 Qrqhwkhohvv/ wkh HPP0edvhg RLG whvw kdv vl}h glvwruwlrqv xqwlo W lv idluo| odujh1
Zkhq frqgxfwlqj lqihuhqfh/ wklv lvvxh vkrxog eh eruqh lq plqg1
Dowkrxjk qrqh ri wkh vlpxodwlrq hvwlpdwruv ehdw wkh SPOH lq d phdq0vtxduhg vhqvh/ wkh|
gr kdyh ehwwhu eldv surshuwlhv/ dqg frqyhujhqfh lv jhqhudoo| ohvv ri dq lvvxh zlwk wkh vlpxodwlrq
hvwlpdwruv1 Wkxv/ lq g|qdplf prghov ri frpsoh{ vwuxfwxuh/ wkh vlpxodwlrq hvwlpdwruv fdq eh d
xvhixo frpsohphqw/ li qrw dq dowhuqdwlyh/ wr wkh SPOH1
56Uhihuhqfhv
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58Wdeoh 4= PD+4,
Phwkrg Prphqwv W Q Phdq D1V1H1 RLG
Phgldq Vwg1
JW P4 433 4333 17;3 1433 149;
17;3 143:
LQG P4 433 4333 17<; 13;9 1439
17<; 143;
VPP p4 433 4333 179< 1463 13;;
1789 1473
JW P4 533 4333 17<: 13:8 144;
17<9 13:4
LQG P4 533 4333 183< 13:3 13:3
183< 13:6
VPP p4 533 4333 17<8 1443 1389
17<6 1453
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4Wdeoh 5= Uhvxowv iru SPOH
Prgho W Q@WK d e 
Phdq D1V1H1 Phdq D1V1H1 Phdq D1V1H1 RLG
Phgldq vwg1 Phgldq Vwg1 Phgldq Vwg1
SPOH 433  1938 1365 015;< 1373 143; 135< 0
1937 135< 015;< 136: 143: 1359
SPOH 533  1936 1355 015<5 135; 1439 1353 0
1936 1354 015;< 1359 1439 134<
5Wdeoh 6= Uhvxowv iru VPP
Prgho W Q@WK d e 
Phdq D1V1H1 Phdq D1V1H1 Phdq D1V1H1 RLG
Phgldq vwg1 Phgldq Vwg1 Phgldq Vwg1
p4 433 833 188: 137: 015:< 1396 1456 13:8 1365
1895 1443 015:4 1388 1438 13:6
p4 433 4333 1893 1379 015:9 138< 1457 139< 1367
1897 1443 015:3 1386 1457 139<
p4 433 5833 1893 1377 015:9 138; 1457 139; 1367
1897 1433 015:3 1383 1443 13:3
p4 533 833 18:3 1366 015<3 137; 1443 1383 1365
18:3 13<3 015;9 137; 1434 137;
p4 533 4333 18;3 1365 015<3 1376 1443 1383 1377
18;3 13;5 015;: 1375 1435 1379
p4 533 5833 18;3 1363 015<3 1374 1443 1379 138;
18;3 13;3 015;: 1373 1437 1376
p5 433 833 18<6 13;5 015;< 1354 1443 135: 134;
18<6 1389 015<6 1369 1438 137;
p5 433 4333 18<: 13:; 015<3 1353 143; 1358 1385
18<< 1385 015<7 1365 1434 1375
p5 433 5833 18<: 13:9 015;; 134< 143< 1358 135
18<: 137< 015<6 1366 1435 1377
p5 533 833 18<; 1369 015<; 134; 1434 1364 1357
18<9 1398 015<; 1349 1435 134<
p5 533 4333 1933 1368 015<: 134: 1435 1363 1355
18<; 1393 015<; 1348 1435 134;
p5 533 5833 1933 1366 015<: 1349 1434 135; 1357
18<< 1383 015<: 1347 1433 134:
6Wdeoh 7= Uhvxowv iru JW
Prgho W Q@WK d e 
Phdq D1V1H1 Phdq D1V1H1 Phdq D1V1H1 RLG
Phgldq vwg1 Phgldq Vwg1 Phgldq Vwg1
P4 433 833 1935 1363 015<3 1393 1453 13;7 1333
1936 1354 015;: 1453 1438 1533
P4 433 4333 1935 135< 015;9 138; 1457 13;5 1333
1935 1354 015;4 1453 1439 1483
P4 433 5833 1933 135; 015;: 1388 1456 13;4 1333
1933 1354 015;7 1453 1456 13;4
P4 533 833 1934 1353 015<9 1383 1453 13:3 1333
1934 1349 015<3 13;: 1433 1433
P4 533 4333 1933 1353 015<8 1384 144 1393 1333
1933 1348 015<3 13;: 1433 13<8
P4 533 5833 1933 1353 015<7 137; 1453 1399 1333
1933 1349 015<4 13;: 1433 13<<
P5 433 833 1938 1369 015:; 1378 1449 137< 1333
1938 1388 015:; 1378 1445 1433
P5 433 4333 1933 1369 015:: 1375 1449 137: 1333
1937 1388 015:6 1453 1445 1433
P5 433 5833 1936 1367 015:9 1376 144: 1379 1333
1937 1389 015:5 1453 1447 1433
P5 533 833 1936 135; 015;8 136; 1443 136; 1333
1936 136< 015;4 13<6 143< 13:3
P5 533 4333 1936 135; 015;8 1368 1443 1369 1333
1937 1374 015;3 13<< 143; 13:5
P5 533 5833 1936 1359 015;7 1366 1445 1367 1333
1936 137 015;4 13<6 1443 13:5
P6 433 833 18<; 1363 015:9 137; 1443 1376 1377
18<; 1357 015:8 1366 1438 1364
P6 433 4333 18<; 1363 015:9 1377 143< 1373 1369
18<; 1357 015:6 1365 1438 1364
P6 433 5833 18<; 135< 015:7 1376 143< 1374 1363
18<; 1357 015:6 1365 1438 1364
P6 533 833 18<< 1355 015;< 1365 1437 135< 1393
18<< 134; 015;; 1357 1433 1354
P6 533 4333 1933 1353 015;< 1363 1437 135; 1375
1933 134; 015;< 1357 1435 1355
P6 533 5833 1933 1353 015;; 135; 1438 1359 1387
1933 134; 015;: 1357 1435 1355
P7 433 833 18<; 136; 015;; 138: 1433 136: 138;
18<; 1358 015;< 1373 13<< 1358
P7 433 4333 18<; 136; 015;9 1389 1433 1367 13;5
18<< 1358 015;: 1373 13<< 1359
P7 433 5833 18<; 1369 015;9 1389 1434 1359 13:;
18<< 1358 015;< 136< 13<< 1359
P7 533 833 18<; 1358 015<9 136; 13<< 1358 1445
18<: 134; 015<7 135< 13<: 134;
P7 533 4333 18<< 1356 015<: 1368 13<< 1357 139;
18<< 134< 015<8 135; 13<< 134;
P7 533 5833 18<; 1356 015<9 1366 13<< 1356 13:9
18<: 134< 015<5 135; 13<; 134<
7Wdeoh 8= Uhvxowv iru LQG
Prgho W Q@WK d e 
Phdq D1V1H1 Phdq D1V1H1 Phdq D1V1H1 RLG
Phgldq vwg1 Phgldq Vwg1 Phgldq Vwg1
P4 433 833 18<9 1358 015;8 1387 1463 13:< 13;5
18<8 1365 015:; 1389 1449 13;3
P4 433 4333 18<9 1358 015;5 1388 145< 1398 13:;
18<9 136 015:9 1388 1453 13:3
P4 433 5833 18<8 1358 015;3 1387 145: 1397 13;7
18<9 136 015:5 1385 1453 1399
P4 533 833 18<; 1353 015<7 1375 1453 1376 1399
18<< 1355 015<3 1379 143; 1386
P4 533 4333 18<: 1353 015<3 1374 144< 1376 1385
18<: 1353 015;; 1375 1443 137;
P4 533 5833 18<< 1353 015<4 1374 1445 1373 13:7
18<9 1353 015;< 1369 143< 1376
P5 433 833 18<5 1367 015<; 136; 1436 136; 13;9
18<6 1376 015<9 1378 1433 1369
P5 433 4333 18<3 1369 015<8 136< 1437 1363 13;;
18<3 1373 015<8 1377 1438 1368
P5 433 5833 18<3 1369 015<5 136< 1437 1364 13;9
18<5 1373 015<6 1376 1437 1368
P5 533 833 18<7 135: 0163; 135< 13<< 1355 13:7
18<: 1367 01636 136: 13<; 135<
P5 533 4333 18<7 135; 01636 135< 1433 1355 13:9
18<7 1365 01633 1365 1433 135:
P5 533 5833 18<6 135; 01634 1358 1433 1355 13;;
18<7 136 015<; 1363 13<< 1359
P6 433 533 1936 134< 01655 1357 149: 135; 135
1936 1365 01647 138; 1479 143;
8Wdeoh 9= Uhvxowv iru JW dqg VPP = Wkh Lqyduldqw Glvwulexwlrq
Prgho W Q@WK d e 
Phdq D1V1H1 Phdq D1V1H1 Phdq D1V1H1 RLG
Phgldq vwg1 Phgldq Vwg1 Phgldq Vwg1
P5 433 LQY 18<8 1358 0159< 1366 1437 1365 1459
JW 18<7 135: 0159< 1379 13<: 1378
P5 533 LQY 18<8 1358 015;6 1358 13<< 1355 1463
JW 18<7 134< 015;5 135< 13<9 1357
P6 433 LQY 18<8 135: 0159< 1379 1437 1378 1459
JW 18<7 1358 0159< 1366 13<: 1365
P6 533 LQY 18<8 135 015;7 135< 13<< 1357 1463
JW 18<7 134; 015;5 1358 13<< 1357
P7 433 LQY 1936 1365 015<9 137< 13<: 1365 13:;
JW 1937 1359 015<9 1373 13<9 135:
P7 533 LQY 1933 1356 015<: 1366 13<< 1355 1395
JW 18<< 134< 015<; 1363 13<; 134<
p5 433 LQY 18<9 139; 015:< 134; 1453 1355 1359
VPP 18<9 1377 015;5 1358 1449 1374
p5 533 LQY 18<8 1383 015;8 1346 1445 1348 134
VPP 18<6 135< 015;8 1347 1444 135:
9Wdeoh := PVH iru Ehvw Shuiruplqj Prghov
Phwkrg Prphqwv W Q des
JW P7 433 833 14777 16697 1469< 16558
LQG P5 433 833 18633 14<69 145<9 16559
VPP p5 433 833 16469 1469< 15734 175:5
JW P7 433 4333 14777 16697 14489 16469
LQG P5 433 4333 14:97 15358 14558 15<<6
VPP p5 433 4333 15:37 143;< 14;7< 168;;
JW P7 433 5833 145<9 16697 143;< 15<47
LQG P5 433 5833 149;4 14<69 14558 15<67
VPP p5 433 5833 15734 14558 14<69 16787
JW P7 433 LQY 14357 15734 14357 15668
VPP p5 433 LQY 14<69 143;< 15449 15;83
SPOH ~ 433 ~ 13<<7 14:35 13;98 14;6:
JW P7 533 833 13958 14777 13958 14748
LQG P5 533 833 14489 14777 13;74 15398
VPP p5 533 833 145<9 13657 13<94 14;:5
JW P7 533 4333 1385< 14558 138:9 14593
LQG P5 533 4333 143;< 14357 13:5< 14;67
VPP p5 533 4333 14558 135;< 13<33 14:59
JW P7 533 5833 1385< 143;< 1385< 144:9
LQG P5 533 5833 13<94 13<33 13958 1494;
VPP p5 533 5833 143;< 13589 13:;7 1484<
JW P7 533 LQY 1385< 143;< 137;7 14498
VPP p5 533 LQY 13;74 13733 13<33 145;9
SPOH ~ 533 ~ 1378: 13:74 1378: 13<85
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